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Beenenue
HecranpapTHbie HEpaBEHCTBA - OJIHA U3 CAMbIX UHTEPECHBIX TEM B MAaTEMATHKE.
3aech W Jajiee IOJ CJIIOBOM  ‘‘HECTaHAAPTHBIE” TOJAPAa3yMEBAIOTCA TeE
HEpPABEHCTBA, KOTOPbIE BCTPEUAIOTCS Yallle BCETO B KJIACCUUYECKUX OJMMITUAIAX
(HO W B TMEpeyHEBBIX TOXKE HepeAaku). Ecmm g peleHdus Tak
Ha3bIBAEMBIX “IIKOJIbHBIX HEPABEHCTB HCIIOJb3YIOT METOJ UHTEPBAJIOB U T.II.,
TO I PEUICHUS] HECTAaHJAAPTHBIX (OJMMIMAAHBIX) HEPABEHCTB HCIOJb3YIOT
HepaBeHcTBO  Komm-bynsikoBckoro-1lIBapiia,  HepaBeHCTBAaO  CpeIHHX
rapMOHUYECKOM, TE€OMETPUYECKOM, apU(PMETHUYECKOM U KBAAPATUYECKOM,
TPaHCHEPABEHCTBO U JAp. DTH CHOCOOBI U METOJbl PAacCCMOTPEHBI B JAHHOU
HCCIIeIOBATENIbCKOM padoTe.
Hean:
HccnenoBath HEKOTOPBIE CIOCOOBI PEIICHHS] HECTAHIAPTHBIX HEPaBEHCTB (a
MMEHHO: C MOMOIIbI0 HepaBeHcTBa Komm-bynsakosckoro-IlIBapiia, HepaBeHCTB
O CpeOHUX TapMOHHMYECKOM, TI'€OMETPUYECKOM, apU(PMETUYECKOM U
KBaJpaTUYeCKOM, HepaBeHCTBa  bepHymm, mpeoOpazoBanmst — Abens,
TpaHCHEPABEHCTBA, HepaBeHCTBA UeObIEBa i CyMM), BBIACIISASI UX OCHOBHbIE
MPUHIUIIBI ¥ O00JJaCTH TPUMEHEHHUS, a TaKXe MPOJEMOHCTPHUPOBATH WX
3¢ (HEeKTUBHOCTH Ha IPUMEPAX.
3apavun:
1. V3yunuTb OCHOBHBIE HEPABEHCTBA-UHCTPYMEHTHI, UCTIOIb3yEMBIE MPU
pEelIEHUH HECTaHAAPTHBIX HEPABEHCTB.
2. CoOpartb u kiaccuurpoBaTh MPUMEPHI 33]1a4, B PEIICHUH KOTOPHIX
HCIIOJIb3YIOTCSl YKAa3aHHBIE BBIIIIE HEPABEHCTBRA.

3. TloxBectu uror.



AKTYaJIbHOCTH Pa0dOTHI

HepaBenctBa, Ttakme kak HepaBeHcTBO Komm-byHnsakosckoro-IlIBapna,
HEPaBEHCTBA O CPEAHUX, TPAHCHEPABEHCTBO, HepaBeHCTBO UYeOblméBa ais
CYMM H JIp., SABJISIFOTCS MOIIHBIMH MHCTPYMEHTAMHU, MO3BOJIAIOIIMMHU HAXOAUTh
onTUMajbHble pemnieHus. VX u3yueHue He TOJBKO YriayOssieT MOHWMaHue
MaTEMaTU4YECKH, HO M Pa3BUBACT KPUTUYECKOE MBIIUICHUE U TBOPYECKUI
NOJX0A K peuieHuto 3afad. OJHaKo, HECMOTPSl Ha Ba)XKHOCTb 3TUX CHOCOOOB,
MHOTHE YYalluecs CTAIKHMBAIOTCA C TPYIHOCTSAMHU IIPU MX NPUMEHEHHH, YTO
NOJYEPKUBAET HEOOXOJUMOCTh CHCTEMAaTU3allud 3HAaHUM M MPaKTUYECKUX
YMEHHI B 3TOM 00J1aCTH.

AKTyaJIbHOCTh JTaHHOHM MCCIIE€A0BATEIBCKOM pabOThl 3aKIHOYAETCS B TOM, UYTO
OHA HANpaBJICHA HAa W3Y4YCHHE M AHAJIM3 METOJNOB PEIUICHUS OJIMMIIMAIHBIX
HEPABEHCTB, YTO IO3BOJUT YYalllUMCS HE TOJIBKO JIydlle IOArOTOBUTBCS K
OJINMIIMAJIaM, HO ¥ pPa3BUThb YBEPEHHOCTb B CBOMX CHWJIAX IIPpU PELICHUU
CIIOKHBIX 3anad. Kpome Toro, cucremarusanus M KiacCU(PUKalMsg METOJOB
pElIeHNsT HEPABEHCTB IOMOTYT CO3[aTh YAOOHBIM CIIPAaBOYHBIM MaTepual,
KOTOPBI OyJIeT MoJIe3eH Kak AJIs yJaluxcs, Tak U AJIs IpernojaBaTesei.

Taxkum oOpa3oM, aHHOE HCCIEIOBaHUE HE TOJBKO OOOTraTUT TEOPETHUYECKYIO
0a3y 1o TeMe HEPaBEHCTB, HO U IOCIYKUT MPAKTUUYECKUM PYKOBOJCTBOM IS
IIKOJIbHUKOB, CTPEMSLIMXCS K YCHEXy B OJIMMIIMAJHOM MareMatuke. B
YCIIOBUSIX PacTyllell KOHKYPEHLIMH U MOBBIIIEHHBIX TPEOOBAHUN K 3HAHUSAM U
HaBbIKaM  y4yalIuXcs, IIOJ00OHBIE HCCIEIOBAHUS CTAHOBITCS OCOOEHHO

AKTyaJIbHBIMH U HGO6XOI[I/IMBIMI/I.



HepaBencTBo Komu-bynsikosckoro-lIBapua (KbIII)

DopMyJIHUPOBKA
Jlns nByX HaOOPOB MPOM3BOJIBHBIX IEHCTBUTEIBHBIX 4ucen {a, a,, .., a,} U
{by, by, ..., by} BBITIOJHAETCS CIEAYIOLIEE HEPABEHCTBO:
(arby + ayby + -+ ayby)? < (a% + af + -+ a2)(bf + b3 + - + b2).
Jloxka3arejibCTBO
Cnoco0 1
[Tycth y Hac B n-MEpPHOM MPOCTPAHCTBE €CTh 2 BEKTOPA C KOOPIUHATAMU
{a,, ay, .., ap} U {by, by, ..., by}. Torma ux ckajasipHoe MNpoU3BEJICHHE OyAeT

paBHO a;b; + ayb, + -+ ayb, C OHHOH CTOPOHBI M +/(a?+a? + -+ a2)-
V(b2 + b2 + -+ b2) - cosa - ¢ apyroii. Bo3sens 00a BbIpaKeHHWs B KBaIpaT u
[PUPABHSIB, TOJYYUM:

(a1by + ayby + -+ + ayby)? = (a2 + a3 + -+ + a?)(b? + b2 + -+ b2) cos? a.
cos?a <1, 3HauMT,(a,b; + azby + -+ ay,hy)? < (a? + a3 + - +a2)(b? + b3 + -+
bHY.t.1.

Cnoco0 2

Paccmotpum BeipakeHue (a;x — by)? + (a,x — by)% + -+ + (apx — by)?. IT0 cymma
KBaJpaTOB HEOTPULIATEIIbHA, &, 3HAYUT, JUCKPUMHHAHT KBaJPATHOIO TPEXUJIEHA
(af + a3 + -+ ad)x? — 2(a;by + azby + -+ + apby)x + (b + b5 + -+ + b2)
D = 4(a,by + azb, + -+ + apby)? — 4(af + a3 + -+ a)(bf + b5 + -+ b})
HETIOJIOKUTEIIEH.
Orcrona, (a;by + azby + -+ ayhy)? < (a2 + a3 + -+ a2)(b? + b2 + -+ + b2)
(nepeHecu B pa3HbIE YaCTH U MOAEIINIIN Ha 4).

IIpuMepbl UCIOJIB30BAHKUA B PEILIEHUHM HECTAHAAPTHBIX

HEpPaBEeHCTB
Nel
JIsT  TOJIOKUTENBHBIX  4YHCEN  daq, Ay, ..., dn, W by, by, ..., b, JTOKAXUTE

2 2 2 2
ai aj an (a1+a2+-~'+an)
HEPABCHCTBO -+ 1% + -+ 1 = =2

Jlok-Bo:

(nemma Tury).

ITycts x; = %I/I y; = y/b;. Torna no nepasenctBy Komm-Bynsikosckoro-IlIsapiia:

Jbi
(X + x5+ +xDOF+yi 4+ + ) = (yr +xy, + o+ x0m) %

2 2 2
HOI[CTaBHM:(% +2 ‘b‘—”) (by + by + - +Dby) = (a; +a, + -+ a,)?.
1 2 n
[Togenmum oGe cTOpOHBI HA by + b, + -+ + b, ¥ TIOIYYUM KeJTaeMOe HEPABEHCTRO:

a a a? ay+az+-+ay)?
94 9y 4 Oy @itdadedan)” g oo

by by bn by+by+-+by

No2 [9]
JIJ14 IONOKUTENBHBIX YUCET a4, Ay, ..., G JOKAKUTE HEPABEHCTBO
Z—§+Z—§+ ---+Z—’j’2 a; +a; +--+a,.

J1ox-BO:



ITo nmokazannoit B mpumepe Nel nemme Tuty ans aq, a,, ..., a, U by = a,, b, =
as, ..., bn = al:

O 48 G @tapttan)”
bl bZ bn b1+b2+"'+bn
a? a3 a? ai+az++an)? ai+az++ay)?
Toncrapum: L + 2 4 ... 4 21 > (G1tas n) _ (e, n) =a;+a, ++
dz 43 as az+-+antag ajtaz+--+an
a,4.1.1.
Ne3 [9]
1
JlokazaTh, 4TO JIJIsl a + b + ¢ = 1 BEpHO HEPABEHCTBO a® + b% + ¢ > +
J1oK-BO:

1=12=0-a+1-b+1-0)2°<(1%2+12+1%)-(a®>+b*>+c?) =3-(a® +b? +?).
PaznenuB 00e yacTu HepaBeHCTBA HA 3, momyuyuMa? + b? + ¢? > § Y.r.m.

Ne4 [9]
Jloka3aTh, 4TO BEpHO HEPABEHCTBO sina -sinf + cosa +cosf < 2.

J1ok-BO:
[Tpumennm HepaBeHcTBO Komm-bynskosckoro-1lIBapna ans HabopoB yncen
{sina; cosa; 1} u {sinf; 1; cospB}:

(sina - sin B + cosa + cos B)? < (sin? @ + cos? a + 1)(sin? B + 1 + cos? B)
(sina-sinf+cosa+cosB)’<(1+1)-(1+1)
(sina -sinf + cosa + cos f)? < 4
sina -sinff + cosa +cosf < 2

Y.t .



HepaBeHcTBa 0 cpeIlHUX TAPMOHUYECKOM, FT€OMETPUYECKOM,
apu(pMeTHIECKOM M KBAJAPAaTHYECKOM
DopMyJIUPOBKA
I[J'I}I JIFOOBIX HCOTPHULATCIIbHBIX YUCCII a4, a3, ..., 4y BEPHBI CICAYIOIIUC
HCpPaBCHCTBA.

n n a;+ay+-+ay a?+a3+--+a3
T T = {410, .0, < < rmae
T, TS V0l an = N Ea—

ai az an

T, = - CPeIHee rapMOHMYECKOE,

a_l az an

Ya,a; ...a, - CpEAHEE T€OMETPUYECKOE,
a1+a2+-~-+an
——=——" - cpefiHee apUdMETHIECKOE,

2+ 2+...+ 2
/% - CpeHee KBaAPaTHYECKOE.

Jloka3zaTejibCTBO
1. Hepaserncmeo medcdy cpednum apugmemuyeckum u cpeoHum
K8AOpamu4eckum
[TonepasenctByKBIII ni1s1 HaOOPOB HEOTPHUIIATENBHBIX YUCEN{A;, Ay, ..., Ap} U
{by=1,b,=1, .., b, =1}

(ayby + azby + -+ apby)? < (a2 + a3 + -+ a2) (b + b% + -+ + b2)
(a,-1+a, - 14+-+a,-1D)?*<(af+ai+-+a2)(A*+1%+--+1%)
(g +a;++a)*<(af+a5+-+a2) n
(a; + ap + -+ ay)? - (af + a3+ +ap)

n? - n

4 +ap+tan ai +a5+--+a3

n n

2. Hepasencmeo medicoy cpednHum apugpmemuyeckum u cpeoHum
2eoMempusecKum
Hokaxxem mis {a, b} (n=2):

a+b
> > ab
a+b=2-Vab
a—2-va-vb+b=0
(\/a—\/g)z = 0 - BepHO, 3Ha‘II/IT,I/IaZLbZ\/%BCpHO.

Hokaxxem miis {a, b, ¢, d} (n=4):



a+b+c+d_

a+b+c+d

4

2

> Vabcd - BepHo

a+b c+d
S24S ab+Ved
2 2 > > > [Vab -Vcd = Vabed

TakuM crioco60oM MOKHO TOKa3aTh U s n=8, 16, 32, ... (11 Bcex n = 2%).

Jokaxy ms {a,

a

a;+ ..+ ag 4

..., ag} (n=8):

a1+"'+a4 a5+"'+a8

>

YVa; . as +{as ...ag

8

2

> \/‘{/al Qg y/0s ..ag = /a; ...ag

Teneps paccMOTpuM YacTHBIH cityuait s {a, b, ¢, d} (n=4),tne d =

a+b+c

4(a+b+c)

a+b+c+d atbtc+— ;

_a+b+c .

a+b+c.

> Vabcd

+b+c

4

3

4 4

abc

(a+b+c)
3

a+b+c *

——F—— > |abc
3

<a+b+c
3
<a+b+c

3

4
) > abc

> i abc - nokazanu gig n=3

(a+b+c)

(a+b+c)

3
) > abc

Takum o6pa30M MOJKHO JOKa3aThb JJId JIF000TO N: JOKa3bIBACM 10 MHHHUMAaJIbHOM

an

. . A+
CTENEHU [IBOMKH, OOJbIIEH N, a JaJblIe MOACTaBIIEM— T

— BMECTO A, U

HEMHOTr0 mnpeodpazyeM 10 TeX MOop, MOKa HE JOKaXEM 10 MHTEPECYIOIIEro n.
3HauMT, MBI JOKa3alu IJIs BCEX N.JTO cBOeoOpasHas “‘MBOWHAS WHAYKITUS .
[Tpumep miist n=200: MbI 3HaeM ISl n=2, 3HAYUT, Mbl 3HaeM s n=4, 8, 16, 32,
64, 128, 256. Ecnu Mbl 3HaeM IS n, TO Mbl 3Ha€M JJIA h-1, MO3TOMY J1ajiee MbI

10 eIMHUYKe “‘crryckaemcst” ¢ 256 BHu3 10 200.
3. Hepasencmeo medxcoy cpeonum 2apmoHuieckum u cpeoHum

ceomempudecKkum

[To HEpaBEHCTBY MEXTy CPETHUMHU apu(HMETUUECKUM H T€OMETPHUECKUM JIJIs

{

1 1

, ) aer)
a; a;

1

an

}



1
2t =T a1 1 a1 1
a1 an > J— = =
n ap an aq ...an ”,/al Ay
n n
1 1 S al R an
—F ot =
a an

O6’I>C,Z[I/IHI/IM AOKa3aHHbIC HAMHU HCPABCHCTBA!

n a;+a,+-+a az+ai+--+az
— < Yaa,..a, <—2 N e L
e n n

ai az an

IIpumepsl HCNOJIB30BAHUSA B PELICHUN HECTAHTAPTHBIX

HepaBeHCTB
Nel [16]

Hoxaxwure, uto aisg a, b, ¢ > 0 BepHO HEPABEHCTBO

1+1+1>9

b+c a+c a+b — 2(a+b+c)

Jlox-Bo:
[lyctbb+c=x,a+c=y,a+b=z.
(a@a+b)+(b+c)+(a+c)=2(a+b+c)=x+y+z
JlomycTHM, 9TO HEPABEHCTBO BEPHO:

1 1 1 9

-+ —-—t-—z=——

x 'y z x+y+z
1 x+y+z

T 1 1= 9

— _+_

X y z

+z
T 1.1 < 3 - BEPHO, T.K. 9TO HCPABCHCTBO MCXKAY CPCAHUM I'apMOHHUYCCKHUM

U cpeHUM apu(METHIECKUM IS {x, y, Z}.
3HAYUT, U MCXOIHOE HEPABEHCTBO BepHO. U.T.11.
No2
JlaHbI [TOJIOKUTENLHBIE X, Y, Z TaKHe, 4To X -y -Z = 1.

WY | zz
2 2

+

x+z = x+y

y z Sxf+

X
Jlokaxkure, 4TO +
yv+z

y+z x+z x+y 2 \y+z x+z x+y

L Lo ( 2y 22)==§<yfz+x?z+xfy>
x' x

yy z z
a+b> >
5 =vVa
2 1
<
a+b vab



2 2 1 1 1
y  Z 1 =T z°= = =4 =xVx
- ; zZ T-l—— 1 zZ 1 e
2 2 2 1 1 1
% Z:i = 1 ZS = = 1 =y\/§
STy w,z ——+-  [L.z L —
y oy 7+; yez y v2z y y3 Wy
2 2 2 1 1 1
% y: T = 1 S = = 1 =Z\/E
+ i v —+> 1y 1 —
z  z y7-|-; yz?2  z yzz'; ) zVz
2 2 2
+ < xVx + + 7z
v ztr ztz 3 Wy
X x y y z z
X y A
+ + <=(xVx+yfy+z
v+z x+z x+y 2(\/— y\/_ \/_)

x Yy .z xf'ad—
y+z x+z x+y 2 2 2

Y.1.1.
Ne3
Jlokaxkute, 4To JJIs MOJOKUTEIbHBIX @, b, ¢ Takux,4to a + b + ¢ = 1, BepHO
1 1 1 2 2 2

t—t ===+ —+—
1-a 1-b 1-c 1+a 1+b 1+c

J1ox-Bo:
3amMeTHM, 4TO 0 HEPABEHCTBY O CpeAHEM apU(METHIECKOM U CPETHEM

1 1
FapMOHI/I‘-IeCKOM JJIA {— ) —}Z
1-a  1-b

1( 1 N 1 >_§+1T> 2 2 2
2\1—a 1-b) 2 —%Jr_ (1-a)+(1—b) 2—-a—b
1-a 1-b
1 1 1 1 2
AHaHOFHqHOE (1—b + ) = 2—-b—c 1 5(1 c a) = 2—c—-a’
Cno>XHB 3TH HEPABEHCTBA, MOIYYUM:
1 N 1 N 1 - 2 N 2 N 2
1-a 1-b 1—-c 2—-a—-b 2—-b—-—c 2—-c—a
B 2 N 2 N 2
" 14a 14+b 1+c
1 N 1 N 1 - 2 N 2 N 2
1—-a 1-b 1—-c 14+a 1+b 1+4+c
Y.1.1.

Ne4

10



1 2
Vi+x2 + Ji+y? T J1+xy

Hokaxure, uto i1 0 < x, y < 1 BepHO HEPABEHCTBO

J1ok-BO:
1 1 2
+ <
Vi+x2 J14+y2 1+xy
1 1 1 4

+ + <
14 x2 VIit+xZ-[1+y2 1+y27 14xy

1 1 2
IIpennomnoxum, 4To + < )
pen ’ 1+x2  1+y2 — 1+xy
2 1 1

1+ch_1+3c2_1+y22
20+ x)1+y) - A +yHA +xy) — (1 +x3)A + xy) -0
1+ x2)A+y>)(1+xy) -
1+x3)A+y)A+xy)>0mpu0<x,y<1
20+ x)1+y) - A +yHA+xy) -1 +x)A+xy) =0
20+ x2+ 92 +x%y) -1+ y? +xy+xy3) — (A +x2+xy +x3y) >0
2+ 2x% +2y* +2x%y? —1—y? —xy—xy3 —1—-x?*—xy—x3y =0

x?+y?—=2xy+2x*y? —xy3 —x3y =0
(x—y)2+xy(—x?+2x%y?2—y?) =0
(x=»)? —xy(x? —2x?y* +y*) 2 0
(x—y)?—xy(x-y)?=0

N2 > 0. 1 1 _
(x —y)“(1 — xy) = 0 - BepHO, 3HAYHNT, U ——* o = Tiry

BEPHO.
[TpuMeHrM HEpaBEHCTBO MEXAY CPEAHUM apU(PMETHUECKUM U CPETHUM

1 1
r€OMETPUYCCKUM ISl \——, — .
p a {1+x2’ 1+y2}

1 1
1 ) 1 <1+xz-|_1+y2
1+x%2 1+y%2°~ 2

1 1
1 1 2 2
+x 1+
< y

JA+x)A+y2) 2
1 1
1 S1+x2 1+y?
V1+x2-/1+y2 2
2 1 1
< +
VitaZ-J1+y2 1+x2 1+y?

1 1 2 2 1 1
Cnoxum + < 151 < + :
1+x2  1+y? 7 14+xy  Vi4x2ZJ14y2 T 1+4x?  1+y?

11



2 N 1 N 1 < 2 N 1 N 1 < 4
VIt xZ-J1+y2 14+x2 14927 14+xy 14+x%2 14y27 1+4+xy

2 + ! + L < i BCPHO, 3HA CpHO
= - Ha4YuT, BEPHO U
Vi+x2-/14+4y2  14x2  1+y?2 T 14xy ’ >
1 1 2
< Yot

Vi+x?2  J1+y2 T [1+xy

12



HepaBencTBo bepnyJiimn

DopMyJIHUPOBKA
Jlnst mo6oro HatypansHoro n € N u x = —1 BepHo HepaBeHcTBO (1 + x)™ >
1+ nx.

Jloxka3arejibCTBO
JlokaskeM METOJIOM MaTeMaTUIeCKOW WHIYKIIHH.
I[lpun=1:1+4+x =1+ x - BepHO
[Ipenmonoxum, 4T0 HEPABEHCTBO BEPHO JJIS N.
JlokaskeM, 9TO TOT/Ia OHO BEpHO M Isi . + 1 .
A+0)"=0+x)A+20)">21+x)1+nx) =1+x+nx +nx?>
l+x+nx=14+ M+ Dx(1 +x)"*1 > 1+ (n+ 1)x - BepHO, 3HAUUT, MBI
J0Ka3aJIu JUIs BCEX N.

IIpumMepsl UCNOJIB30BAHUSA

Yaie Bcero HepaBeHCTBO bepHyImu HCONb3yIOT s OLEHKH PallMOHATbHBIX
YrCell IPU CPABHEHUU C KaKUM-TTHO0 YUCIOM (IIPOMEXKYTOUHAs CTaIus B
pelieHnn 60see CI0XKHBIX HEPAaBEHCTB; PACCTAHOBKA KPUTHUECKHUX TOYEK Ha

YUCJIOBOM NPSIMOM B METOJI€ UHTEPBAJIOB).
Nel

13\°
CpaBHUTH yuca (7) uS
Pememne: (£) = (1+8) > 14582142 =54255

OtBer: (?)5 > 5.
No2

14

6
CpaBHUTH yncIa (g) u 29.
6
1+2) >1+2-6=1+28=29.

3 3

Pemenue: (%)6 = (

OrtBer: (§)6 > 29.

Ne3
3\’ 417
CpaBHuTh yncna (— ) u—.
14 835
13\’ 1\’ 1 1_ 417
Pewenpe: (—) =(1——) >1 -7 -—==>—,
14 14 14 2~ 835

7
13 417
OrtBer: (E) > —.

13



IIpeoOpazoBanue AdeJst
DopMyJIUPOBKA
[Ipeobpa3oBanue Abesnst MO3BOJIAET NEPENUCATh OMAPHOE IPOU3BEICHUE
yycen a U b HeMHOro o-apyromy: Yoi_q g by = Yizt S, (b — bry1) + Spby,
rae Sy = aq + -+ ag.
Jloka3zaTejibCTBO

ax = Sk — Sk-1
n

n n n n—1
Z(Sk - Sk—l)bk = Sk by — Z Sk—1 by = Z Sk by — Z Sk b1 =
k=1 k=1 k=1 k=0

k=1
n—-1 n-1
= Z Sk by + Spby — Z Sk bxs1 — Soby
k=1 k=1

n-—1

= z Sk(br = b41) + Spbp(T.%. Sp = 0)
k=1

Yot a.

ITpumep
by > b, >+ > b,ua,a, ...a; = byb, ...by, Vk = 1, n. JJokaxure, 410
a, +-+ay, =b, +-+ by,

J1ox-BO:

n n

a.
Y=Y (1)
: b;
=1 1

i=
[Tpumenum npeodpazoBanue Abdens:
n i i

n-—1
: : a; : : : : a a
(b—l - 1) bi == Si(bi - bi+1) + Snbn, Si == (b—k - 1) == b—k - l
- i — k =1 k

=1 k=1 k
i a
[TpumennM HepaBeHCTBO KoLK /Uit CyMMBI B BBIDOKEHHH JUIA S;: D je—q b—’; >

i |Aq...Q5 .
[ ’b o= (Tak kak Mo yCJIOBHIO BhIpayKE€HUE MO KOpHEM = 1, To 3Ta cymma
107

> 1, a, 3Ha4uT, S; = 0, OTKyz1a U clielyeT Hy>)KHOE€ HaM HEPAaBEHCTBO:
-1
Yiz1 Si(bi — biz1) + Spby = 0(T. K. by = byyq).
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TpancHepaBeHCTBO

IlepecTaHOBKHU
[Tpexae yeM nepexouTh K TPAaHCHEPABEHCTBY, HYXKHO ONPEICIIUTh, YTO TAKOE
nepecTaHoBKa. [lepecTaHOBKOM N-371€MEHTHOTO MHOKECTBA MBI Oy1eM
Ha3bIBaTh PYHKIIMIO 0 , KOTOpas ONpe/esieHa Ha HaTypalbHBIX YUCIax oT 1 1o n
¥ BO3BpalllaeT HaTypajibHOe 3HaueHue ot 1 10 n. Kpome toro, oHa pomkHa
OBITh OMEKTUBHOM, TO €CTh JIJIs JTI0OOOT0 HaTypajabHOro uncia b ot 1 gon
CYILIECTBYET IMHCTBEHHOE HATYpalibHOE a OT 1 J10 n Takoe, uto o(a) = b.
o:{1,2, ...,n} » {1, 2, .., n}
vb € {1,2, ..,n} Ala € {1, 2, ..,n} o(a)=>h
MHO0»XeCTBO BCEX TaKHUX MEPECTaHOBOK OyJieM 0003Hauath S,,. Takum oOpazom,
€CIIi y Hac eCTh Habop uucen {a,, a,, ..., ,}, TO BCE €ro NepeCTaHOBKH
MOKHO 3amucaTh B CJIEIYIONIEM BUIE:
{a,, a,, ..., a,} — {%(1), Ag(2)r s aa(n)}, o € S,
Ternepb MbI MOXKEM TIEPEXOJIUTH K TPAHCHEPABEHCTRY.
DopMyJIHUPOBKA
TpaHCcHEpaBEeHCTBO YTBEPIKAAET, YTO €CIIM Y HAC €CTh JBA BO3PACTAIONIUX
Habopa Yrce, TO BHIIOTHEHBI CIISAYIONIME HEPAaBEHCTBA JIJIs JIF0O0H
NIEPECTaHOBKU O :

a, ..., Qy, bll ey bn € SR, aq < .. < an, bl < .. < bn, o € Sn
a1b1 + + anbn 2 albo-(l) + + anbo-(n) 2 albn + + anbl.
Jloka3zaTejibCTBO

JlokaxkeM nepBoe HEPABEHCTBO. /{7151 3TOr0 nepeHecém BCE B JIEBYIO YaCTh,
MOCJIE Yero MPUMEHHUM MpeoOdpa3oBaHue AOes:

n
Z(bl — bo-(i))al‘ >0
i=1

Yi(bi —bey)ai = Xit(a; — ai41)Si, Si = (by — boy) + - +
(bi = bogw))-
Sp = 0,motomy uto Yi_1 by = YiLi by
ap < .. Sy @ 4 — A1 =0
by < .. <b, >S5 <20
n—1
= (a; — @415 =2 0 = Z(ai — a;41)S; = 0
i=1
94T
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Bropoe HepaBeHCTBO JOKa3bIBAETCSI A0COFOTHO aHATIOTHYHO.
IIpuMepbl UCOJIB30BAHKMSA B PEIIEHUHM HECTAHAAPTHBIX

HEPaBEHCTB

Nel [5]
Jokaxwute, uto a? + b% + ¢ = ab + bc + ca (HepaBeHCTBO TPEX
KBaJpaToOB).

Jlok-BO:
Tax xak B 5TOM HEpaBEHCTBE BCE OYKBBHI B3aUMO3aMEHSIEMBI, TO, HE YMaJISIsI
OOIIHOCTH, MOXHO CUUTATh, UTO @ = b = ¢ . 3anuileM TpaHCHEPABEHCTBO

JUIs HabopoB uKcena = b = cua = b = c:
a-a+b-b+c-c=z2a-b+b-c+c-a.
Y.t.1.
Ne2 [17]

JlokaxuTe, 94TO JJIs TIOJIOKHUTEINBHBIX Yncen a, b, ¢, d BEpHO HEPaBEHCTBO:
ad+b3+c3+d =a? - b+b?> - c+c?-d+d*-a

J1ox-Bo:
Tax kak MbI HE MO’KEM TOYHO PACIIOJIOKUTH IICPEMEHHBIC [T0 HEYOBIBAHHUIO,
HOPeanoiaokuM, uTo a < b < ¢ < d. Tak Kak B JIeBOM YacTu IIepeMEHHbIE
B3aMO3aMEHSIEMbI, TO MOYKHO JI0Ka3aTh HEPABEHCTBO OTACIBHO JIJIs
KaXTIOTroIopsiika mepeMeHHbIX. JlokaxeM 1 epBoro ciaydas. PaccMorpum
TpaHCHEPaBEHCTBO i Habopos {a?, b?, c?, d*}u{a, b, c, d}
0<a<bhb<c<d=>0<a®<b?<c?<d?:
a?-a+b? - b+c?-c+d*-d=a?*> - b+b?> - c+c?-d+d

a.

OcrasbHbIe cliydau mopsaka a, b, ¢, d J10Ka3bIBalOTCS aHAJIOTHYHO.

Yoo
No3 18]
1 1 1 at+b+c
Jlokaxwure, uTo — + ’ + - = BTV
J1ok-BO:
Tak HepaBEeHCTBO CUMMETPUYHO, TO H.y.0. @ = b = c . 3anumiem
TPaHCHEPABEHCTBO JIsl HAOOPOB ‘II/ICCJI% < % < %I/I% < % < %:
T T R T B -
a a b b c ¢ a b b ¢ c a
1 1 1 1 1 1
2 e TZ22% T T w

2.
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HepaBencTBo UeObiméBa st cymm
DopMyJIHUPOBKA
ITycTs ecTb HAOOpBI UNCEN Ay = A = ... = Ayub; = by = ... = by,

TOr'Ia BBIIIOJIHACTCA CICAYIOIICC HEPABECHCTBO.!
; k=1 Ak bk = (; k=1 ak) (;Zk=1 bk)’ TO €CTh

(a1b1 + ..+ anbn)

(a1 + ...+ an) (bl + ..+ bn)

=
n n n
Jloka3zaTejibCTBO
I[lyctbay =2 a, = ... =2 a,uby = b, = .. = b,.3anumem n

TPAaHCHEPABEHCTB, TI¢ KaK/1as CIAeAYIOIIas MepecTaHoBKa OyIeT “‘ciBUHyTa” Ha
1 gucno:

a,b; + ... + apb, = a4b; + ayb, + ... + a,b,

ab; + ... + ayb, = a1b, + ayb; + ... + a,b;

ab; + ... + apb, = a1b3 + ayby + ... + a,b,

ab; + ... + ayb, = a4b, + ab; + ... + a,b,_4
Terneph CIOKKM 3TH HEPABEHCTRA:
n- (b + .. +a,by) =@+ ... +a,): b+ ... +by)
JlenuM Ha n?:
(a by + ... + ayby) - (ap + ... + ap) . (by + ... + by)

n n n
Y.r.1.

IIpumepsl HCNOJIB30BAHUSA B PELICHUN HECTAHAAPTHBIX

HEPaBEHCTB
Nel
JIOKaXUTE, 4TO €CJIN:
a b c 3
a, b, c O,t > = (HepaBeHcTBO HecOurTa);
a)a, b,c > 0, 0 — + — 7 = 2( epaBeHcTBO Hecourra);
a b c a 4
6)a, b,c,d > 0,10 —_— > -
b+c+d at+c+d a+b+d a+b+c 3
Jlok-Bo:
1 1 1
a) He ymainsasg obmuoct, a = b = c¢. Torna— = > :
b+c a+c a+b

1 1 1
ITo nepaBencTBy UelObimiéra i cymm Ui (a, b, ¢ I/I( ):
p y A y A (' ! ) b+c’ a+c’ a+b

1 1 1
1( a b c ) > (a + b +'C).(b+c t a+c T a+b)

§b+c+a+c+a+b 3 3
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Hcrnions3ys HEPABEHCTBO MEXTY CPETHUM FAPMOHUYECKUM U apu(PMETHIECCKIM
misb + c,a+ cua + b:

3 (b+c)+(@+c)+ (a+ b)
1 1 T S 3
b+c a+c a+b
3 2:-(a+ b+ 0)
1 1 1 = 3
b+c a+c a+b
1 1 1
b+c a+c a+b > 3
3 ~— 2-(a+ b+ 0
IToacraBum:
1 a b c a+b+c 3 1
§(b+c t a+c t a+b) = 3 .2(a+b+d - ELB
a b c >3
b+c+a+c+a+b -2
Y.r.1.
1
0) He ymamsas obmuoctn, @ = b = ¢ = d. Torna T ord = aiesd =
1 > 1 .
a+b+d a+b+c

I[lo wepaBeHcTBy  YeObmméBa i1 CcymMM  JUIs (a, bc,d) m

( 1 1 1 1 )
b+c+d’ a+c+d’ a+b+d’ a+b+c)’

1 a b c d
—( + + + )Z
4\b +c+ d a+c+d a+b+d a+ b+ c

1 1 1 d
(a+b+c+d)_Q+c+d+a+c+d+a+b+d+a+b+J

> " " .
Hcnonb3yst HepaBEHCTBO MEKY CPEIHUM FapMOHHUYECKHM U apH(PMETHUESCKUM
mab +c+d,a+c+d,a+b+dua+ b+ c:

4
1 1 1 1 s
b+c+d a+c+d a+b+d a+b+c
- b+c+d)+@+c+d)+(a+b+d)+(@a+b+c)
- 4
4 (a+b+c+d
1 1 1 1 =3 4
b+c+d a+c+d + a+b+d t a+b+c
1 1 1 1
(b+c+d a+c+d T a+b+d a+b+c) > 4
4 ~ 3-(a+b+c+d
IloncraBum:
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1( a N b N C N d -
4\b+c+d a+c+d a+ b+ d a+b+c>_

(a+b+c+d) 4 1
> . = |4
4 3(a+b+c+d) 3
a N b N c N d - 4
b+c+d a+c+d a+b+d a+b+c 3
Y.r.1.
3akJoueHmne

B X0AC IMPOBCACHHOI'O HCCICAOBAHUA CII0C000B pemicHusT HCCTAHAAPTHBIX
HCPABCHCTB ObL1a AOCTUTHYTA IMOCTABJICHHAA LCJ]Ib — CUCTCMATU3aAlUA 3HAHUU
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M TIPAKTUYECKUX YMEHUH, HEOOXOMUMBIX [JIsi YCIENIIHOTO PEIICHHs 3ajad,
BCTPEYAIONTUXCS HA MATEMAaTHYECKUX OJMMITHA[aX. AHAIN3 Pa3IMYHBIX TUIIOB
HEPaBEHCTB TIO3BOJIMJI BBIIBUTH WX KIIOUEBBIC CBOMCTBA ©  00JacTu
MPUMEHEHHUs, YTO, B CBOIO OdYepelb, OO0OTaTWjIO Halle MMOHUMaHUE
MaTeMaTUYECKUX KOHIICTIIIHH.

CoOpannple mpuMepsl  3a7ad W NPEAJIOKEHHBIE  METOJIBI  PEIICHHS
MPOJICMOHCTPUPOBATIM  pa3HOOOpa3ue TMOJIXOJ0B, KOTOPhIE MOTYT OBITh
MCIIOJIb30BaHbI B 3aBUCHMOCTH OT YCJIOBUS 33J1auH.

Takum 00pa3oM, NaHHOE HCCIENOBAHUE TMOTYEPKUBAECT BAXKHOCTH TIIYOOKOTO
MOHUMAHUS METOJOB PEIICHUS HEPAaBEeHCTB B KOHTEKCTE OJIMMITHAIHON
MareMaTuku. OHO CIIYKUT HE TOJIbKO TEOPETHUYECKHM BKJIAJIOM B H3Y4YCHUE
JAHHOW TeMbl, HO W TMPAKTUYECKUM PYKOBOJACTBOM [IJIi CTYJIEHTOB U
npenogasareyiei. B yCHOBMAX TIOCTOSIHHO pacTylmled KOHKYPEHIMM Ha
OJIMMITHAJIaX ¥ TIOBBIMIEHHBIX TPEOOBAaHMA K MaTEMaTHYCCKUM 3HAHHSM,
MOJO0HBIE WCCIICIOBAHUS CTAHOBATCS HEOTHEMJIEMOW YacThIO IOATOTOBKH
OyqyImux MaTEMAaTHUKOB.

HaneeMmcs, uTo maHHas wcciemoBaTeIbCKas padoTa BAOXHOBUT yUallUXCs Ha
TanbHEHIIIee N3yYeHNEe MAaTEMATHKH U TIOMOKET UM JIOCTUTHYTh HOBBIX BBICOT B
OJIMMITHATHBIX COPEBHOBAHUSAX. B KOHEYHOM WTOTE, M3YUYCHHE W NPUMEHEHUE
METO/IOB PEIICHUS HEPABEHCTB HE TOJBKO OOOTamaer MaTeMaTHYECKYIO
KyJIbTYpy, HO H (OPMHUPYET Yy yYaIluXcs YBEPEHHOCTh B CBOMX CHJIAX, YTO
SIBJISICTCS] BAXKHBIM aCTIEKTOM HMX JIMYHOCTHOTO M MPO(HEeCCHOHATBFHOTO Pa3BUTHAL.

Jluteparypa
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MexpervoHasibHasi 0IMMNnaja LWKOMbHUKOB
«bypgylwime nccnefosartenv - byayliee HayKu»

PurHaNbHBIA TYyp

n A

nll
Para- T
« I's ~
3<X* 1 - 5 v * bl ZX2 N A-O_
3NN SX vza— 2x L -F**~3
ba.-ox2- ( ~ x+~na( "
J&TW) L vZ*U- "Vr* 2tra =
~OLt-bl°@ ~ —zVo0.2_ 2-0%+-21- —IlbaZ-1Q4.f-<( 3%
Bb&1F 10A<{/j *a
- loot r3‘"3*- /o +*52 - WA Y
na3
*23
>14%
N
4SD 2
3ax r- S x+ A "o
~ -3
N - 2N—Vi&b7 0 A .
&o*qri AN
w S
ft ~ t-~d ' 1 *4 N2X
A6f4: 41 w, A
H
3376
exl LfS. N1 - MEr r sfc,ZRn
_ ry<Xelfirr« »
n lgrlT T oA 5 T



MexkpervoHanbHas 0MMnnaaa LWKoIbHNUKOB
«ByayLume nuccnegoBaTeny —eyayLlee HayKu»
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