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BBenenue

Panyra — BeNMKOJIEIHOE SBJIEHHE, KOTOPOE 3aXBaTbIBA€T BHUMAHHUE U
BJIOXHOBJISIET HAC CBOEM KpacoTOM W 3araJloyHOCTBbIO. ODTO CJIOKHAS ONTHYECKas
WJLTIO3Us1, OHA 00pa3zyeTcs Mpy B3aUMOCHCTBUU COJTHEYHOI'O CBETA U BOJHBIX Karesb B
atMocepe 3emiu. M3yuenue Mmexannusma o0pa3oBaHUs paayTH SBISIETCS aKTyalbHOU U
BaXXHOU 3agadeil. OHO IPeAOCTABISAET BO3MOKHOCTB JIyUII€ TOHATh 3aKOHBI PUPOBI U
UCII0JIb30BaTh 3TOT 3HAKOMBIN BceM (heHOMeH B mpakTuueckux chepax. MccnenoBanus
B 3TOM O0JIACTHM MNOMOTYT YINIyOMTh Halld 3HAHUS O MPUPOAE CBETA U ONTHKH,
YIIYYIIATh TEXHOJIOTMH U 00€CTICUUTh TOTIOJHUTEIbHBIEC IEPCIEKTUBBI PA3BUTHSL.

Heab0 naHHOM PpadOTHI SBISETCS HCCICIOBAHME XOAAa JIy4e BHUIAUMOIO
CHEKTpa MPU OTPAKEHUHU BHYTPU KAILJIM U JIBYKPATHOM MPEJIOMIIEHUH B 3aBUCUMOCTH
OT TMOJIO)KEHHUSI MCTOYHHMKA CBETAa, OOBSCHEHHWE M JEMOHCTpalus BO3HUKHOBEHUS
IIPSIMOU U TIEPEBEPHYTON PALYTH.

3agaum uccjie0BaHUA:

1. [IpoBecT MareMaTHYeCcKOe MOJECIMPOBAHUE NPSIMOUM PAIyTH, MOJYYarOIIECHCs B
pe3yJIbTaTe OJJHOTO OTPAXKEHUS U ABYX MPEITOMIICHUH JTy4€U CIIEKTpa;

2. Onucate MeEXaHHW3M BO3HMKHOBEHHs IIEPEBEPHYTOM paayrm 0pH  JABYX
OTPAXEHUSX U JIBYX MPEIOMIICHUSX JTy4el CIEKTpPa;

3. OnpenenuTs yriibl HaKJIOHA BBIXOASIIMX JIy4ei CHEKTpa K FOPU30HTY B Cilyyae
MPSAMOM Y NIEPEBEPHYTOM PALYTH;

4, Hanucarp mnporpammy B cpene MatlLab, aeMOHCTpHUPYIOIIYIO XOJ JIyde
BHUJIMMOI'O CIIEKTpa VIS cilydast OJHOTO U JIBYX OTPaXKEHUI BHYTPU KAIlIH.

MeTtoab! uccae10BAHMSA:

[Ipy mnocTtpoeHun JIydedl BUAMMOIO CHEKTpa B CIydae OTPAKECHUN U
MIPEJIOMJIEHUN UCIOJIB30BAINCH MEMOObl AHATUMUYECKOU 2e0Mempuu, B YaCTHOCTU
oOlee ypaBHEHHE TIPSIMOM Ha MIIOCKOCTH, YPaBHEHUE MPAMOM, MPOXOSAIIEH yepes3 Be
TOYKH, YpaBHEHHUE MPSAMOM, NPOXOIAIIEH Yepe3 TOYKY, B HANpPABICHHHM 33JaHHOTO
BeKTOpa. {151 mocTpoeHus: ypaBHEHUs KacaTelbHOM K OKPYXHOCTU (IPOUII0 KAarlin)
UCIIONIb30BAJIOCh ~ MOHAMUE  HPOU3800HOU  (ynkyuu. Jl11  KOMIBIOTEPHOTO

MOJICITMPOBAHUS X0/1a JIy4deil HCIOb30BaICs A3bIK cpedbt MatLab.



I'naBa 1. O paagyre, kak 00beKTe MCCIEeI0BAHMS

1.1 UcTopust 00bsICHEHUS pagyru

Takoe crnoKHOE ONTHYECKOE SIBICHUE, KaK pajyra, CTajad H3y4yaTh B TIyOOKOM
npeBHOCTH. O 3aKOHaxX ONTHKH, IPUPOJAE U CBOMCTBAX CBETA TOI'/IAa 3HAIM KpailHe MaJo.
Hekortopsie (axkThl ObUIM W3BECTHBI YUeHBIM JpeBHel ['perun. EBkiaua 3Han o 3aKoHe
OTPaXEHUsI CBETA, APUCTOTENIb M3y4al SIBICHUE NPEIOMIICHHS CBETa, a 3HAMEHUTHII
acTpoHOM JpeBHOCTH [lTonemeil u3Mepsn yIybl MajJeHUs W MPEIOMIICHUS CBETa.
3aKkOHaMHM CBETa 3aHMMAJIUCh U MHOTHE E€BPOIICHCKHE YYEHBIE CPEIHEBEKOBBbs. OHHU
WCCJIEIOBANIN ACHCTBUE JIMH3, H TAK)KE MBITATHCh OOBIACHUTD SIBJICHUE PAJyTH.

[lepBbIM OOBSICHUTH BO3HUKHOBEHHME DAIyTW TMHITAICA JAPEBHETPEUYECKUN
¢unocod Apucrorens. Hemeuxuit Monax Teomgopuk ObuT EPBBIM, KTO MOHSUT IPUUUHY
nosiByieHus paayru, B 1304 r. oH Boccozaai paayry Ha cepuueckoit konode ¢ Bogoit. Ho
oTKpbITHE TeoiopuKka ObLIO 3a0BITO.

Ob6mas ¢usuueckass kapThuHa paayru Obuia omucaHa B 1611 romy Mapkom
AntonueM ne JomunHrcoM. Ha OCHOBaHMM ONBITHBIX HAOMIOACHUN OH MPUIIET K
3aKIIOYEHUIO, YTO paJyra MOoJIy4aeTcsl B pe3yJbTaTe OTPAKEHUS CBETa OT BHYTPEHHEU
MOBEPXHOCTHU KAIUIM JOXK/ISA U IBYKPATHOTO MPEIOMIIEHUS] — MPU BXOJE B KAILIIO U MPU
BBIXOJIE U3 HEE.

Pene JlexkapT B cBoux Tpyaax jaan Oojee MojaHoe OoObsiCHEHUE paayru B 1637
rogy. OH mpoBen wuccienoBaHue (GOpMbI pagyrH, MCIONb3ys CTEKJISHHBIM 1Iap,
HAIOJIHEHHBIA BOJIOU. Takoe «yCTpPOMCTBO» Jajl0 BO3MOXHOCTH IPEACTABUTH TO, KaK
OTpa)kaeTcsi JIiyd CBeTa B Karule JOX[IfA, MPEJOMIISSICh U TEM CaMbIM CTAaHOBSCh
BUIMMBIM. J[eKapT yCTaHOBWJI, YTO YroJI BBIXOJA JIy4ya W3 Kariu paBHbI 41,5 rpanyca k
MepBOHAYAILHOMY WX HAIpaBJICHUIO SIBJISIETCS TpeobianaronmM s gyded (puc. 1).
OH Takke yCTaHOBWJ, YTO BTOpUYHAs pajayra BO3HUKAeT B pe3yJibTaTe [BYX
MPEJIOMIICHUM M JABYX OTPaXEHUW, a JIydd B OTOM CJIydae BBIXOJIAT M3 KAl B

OCHOBHOM 1o yriioM 51-52 rpajayca k nepBoHauyajdibHOMY HarnpasieHuto (puc. 1).



Puc. 1. Obvachenue senenus npamoil u nepegeprnymou padyeu

HNcaak HprooTOH B CBOEM Tpakrare JONOJHWI Teopuio Jlekapra TeMm, 4YTO
pa3bsICHWI MPUYMHBI BOZHUKHOBEHUS LIBETOB PAAYr U OOBSCHUI MPOTHBOIOJIOKHBIN
IIOPSZIOK PACIOJIOKEHUS LBETOB B palayrax IIEpBOIO M BTOPOro mnopsakos. HeroToH
JI0Ka3ajl, 4To Oesblii IIBET — 3TO CMECh CEMHU IIBETOB: KPACHOI'0, OPAH)KEBOT0, JKEITOTO,
3en€HOro, rojryooro, CUHero u (uosneroBoro. I'maBHON €ro 1enbio OBLIO BBICHUTH,
noyeMy TMpU3Ma, IOCTABIIEHHAs HA MYTH COJIHEYHBIX JIyded, mpeoOpasyeT Oemnblii
COJIHEUHBIA CBET B CIIEKTP — LIBETOBOM psii, B KOTOPOM BCE LIBETA CIEAYIOT OJMH 3a
IPYTMM B HEM3MEHHOM Iopsiake. Ha OocHOBe NpoBeneHHBIX ONBITOB HBIOTOH OTKpBLI
HEHU3BECTHBIE PAHEE 3aKOHBI, KOTOPBIM NOJYMHSETCA CBET, W IEPBBIM IOMIBITAICS
Hay4yHO OOBSICHUTH €ro mpupoy. BecTpeuas Ha cBoeM IMyTH JABE CPe/bl, OTIIMYAIOLIHECS
IpYyr OT Ipyra ONTUYECKUMHU CBOWCTBAaMH, JIyUM CBETa U3MEHSIOT CBOE HAIPAaBJICHUE
IIPU [IEPEXOJE U3 OAHOU B IPYIyr0 — MPEIOMIIOTCA. UeM CHIIbHEE OTINYaroTCs I10

CBOMM CBOMCTBaM CpCabl, HCPE3 KOTOPLIC IIPOXOAUT CBCT, TCM OoJIbIIIE IMPCIOMJICHHUC.



1.2 ITocTaHOBKA 3aJa4uH
PaccmoTpum cdepruueckyro Kario, HaXoIaIryrocs nepen HaomomareneM. [lyctb
HMCTOYHHUK CBETa PACIOIOKEH 3a CIUHON HaOmronaTess. Jlydu cBera majgaroT Ha Karulko
100 BhIINIE MpIMOM AB, MpoxXosie yepe3 HEHTP CUMMETPUH Karluld MapaijieiabHO

CBETOBOMY IOTOKY (pHC. 2), TMO0 HIKE 3TOM TpsiMon (puc. 3).

Puc. 3. [lopsook xo0a «HudCHE20» 1yYa npu 08YKPAMHOM OMPANCEHUU

Jlyd, momazmas B Karuixo, pacragaercs Ha cuekTp. s mpocToThl U3JIOKEHUS Ha
pUCYHKax 2 U3 MOKa3aH TOJBKO OJMH M3 JIyded BUIUMOrO cnekrpa. JIyy, mepexons u3
BO3AYIIHOM Cpelbl B BOAY, IPEIOMIISIETCS, 3aTEM OTPAXKAETCSA OJIMH WIIM HECKOJIBKO pa3
OT BHYTPEHHEW MOBEPXHOCTH KAaIlJIM U CHOBA MPEJIOMIISIETCS, IEPEXOAs B BO3IYLIHYIO
cpeny. Beixondiue nmydu ciekTpa, nomnajaas B 1moJje 3peHus Hadmoaaresns, GopMupyroT
ONTUYECKYIO WLIIO3UI0, HA3bIBAEMYIO PAlyTOM.

B nannoit paboTe mokaxeM, 4To B ClIy4ae X0ja CBETOBOTO Jiy4a [; BBIIIE, OJTHOTO
OTPaXEHUSI W TIOCIEAYIOMIETO MPEIOMIICHUSI MBI OyaeM HaOMIoAaTh Paayry B IMPSMOM
nopsiike (KpacHbI, OpaHXKEBBIW, ..., CHUHUH, (UOJECTOBBIN), a B ciydae Jnyda [,
MPOXOJISIINIET0 HIDKE MpsMON AB, NBYX OTpaKeHUN W TPEIOMJICHHS, pajayra Oyner

nepeBepHyTOH ((pUOJIETOBBIN, CHHHM, ..., OPAHXKEBBIN, KPACHBIN).



Takoke ucciemyem Xoj Jdy4ded aJisi ciydaeB, MPEJCTaBICHHBIX Ha puc. 2 U 3, B
3aBUCUMOCTH OT yJaJieHUs Jiyda OT NpsiMoil AB W MOJIy4yuM 3HAUYEHUS YTJIOB Yq U V>
MEXIy BXOMSIIUMH B Karumo jdydamu [, u [, w mydamu p; ¥ p,, BBEIXOISIIMMHU K
Ha0JI01aTelIo.

Jns geMoHCTpanuy XoAa Jydedl BHJIMMOIO CHEKTpa MPHUBEIEM pe3yIbTaThl
TECTHPOBAHUS MPOTrPaMMBbI, HaMMCcaHHOU B cpee MatLab.

Hanee, He HapyIias OOIIHOCTH PACCYXIEHUM, OyJeM CUUTATh, YTO BXOMSIINI B
KaIulio JIy4 PacIoJIOKEH TOPU30HTAIBHO. DTOr0 BCETJa MOXHO JOOUTHCS BBHIOOPOM
CHUCTEMbI KOOPJMHAT.

B pabotre paccmarpuBaeTcs TIulockas 3amada. OTMeTrum, dYTO TOAOOHOE
HCCIIEIOBAHUE MOYHO IPOBECTH B CJIydae TPEXMEPHOTO MNPOCTPAHCTBA, HCIOJIB3YS

ypaBHEHUS c(hephl, KacaTeIbHON IIIOCKOCTH, YPABHEHUH MPAMBIX B IPOCTPAHCTBE.



I'naBa 2. Teoperndyeckue cBeeHus

2.1HekoTopble CBeACHUS U3 AHAJTUTHYCCKOU reOMeTPHUH

2.1.1 YpaBHeHHE IPAMOI HA TUIOCKOCTH

[IpsiMast — 3TO reOMETPUYECKOE MECTO TOUEK, PACIIOJIOKEHHBIX B OJHY JIMHUIO, HE
UMEIONIYI0 HU Haudasla, HU KoHUa. Kaxzgas Toyka MMEET CBOM KOOPIAWHATHI IO OCSIM
abcuucc 1 opauHaT. Y paBHEHUE, KOTOPOE OMHUCHIBAET 3aBUCUMOCTh KOOPAMHAT KaXKI0U
TOYKH TPSMON B AeKapToBoi cucteme Oxy, OyAeT SBIATHCS OONMM YpaBHCHHEM
IpPsIMOM Ha IJIOCKOCTH.

1)  OOmee ypaBHenue npsimoii: Ax + By + C =0

VYpasuenue, nmeromee U Ax + By + C = 0 — 310 0011iee ypaBHEHHE MPSAMOM
Ha IJIOCKOCTU B MPSIMOYTOJIbHOM cucteMe koopauHat Oxy.

A, B, C — npou3BOJIBHBIE YHUCJIA, HE PABHBIE HYJIIO OJTHOBPEMEHHO

[Ipsimast, 3amaHHas ypaBHeHHeM BugaAx + By + C = 0, numeeT HOpMaJIbHBIN
BEKTOp MpsiMoii ¢ koopauHatamu (4, B).

n(A; B) — HOpMaJIb K IPAMOiA

==l

Puc. 4. IIpsamas na niockocmu u HOpmans K Heu

Tab6n. 1. Hexomopuvle uacmuvie ciyuau obujeco ypagHenust NPSAmou.:

KoadpunmenTs Bun ypaBHeHus I'paduueckoe pacnonoxeHue
C
A=0,B=0C=0 y=-— 5 [Ipsamas, napamienbHas ocu Ox
C
A=0,B=0C=0 X =— yl [Ipsamas, napamiensHas ocu Oy

A#0,B #0,C =0 Ax + By = [Ipsimast mpOXOIUT YEpE3 HAYAIIO

KOOpAWHAT
A=0,B=0C=0 y = VYpaBuenue ocu Ox
A=0,B=0,C=0 x = Ypasuenue ocu 0y

2) YpaBHeHUE NIPSAMON B KAHOHUYECKOM BUJIE



M'[I:lr y])

Puc. 5. IIpamas, npoxooswas uepes mouxy M' ¢ nanpasnenuu éexkmopa S
PaccMoTpuM Ha IITOCKOCTH TPOU3BOJIBHYIO MIPAMYTO .
Touka M'(xy; y,)€l
Henynesoit Bektop S = (p; q) mapamienen mpsamoit | (puc.5). B sTom ciydae
BEKTOP S HA3LIBAIOT HANPABJISIOLIMM BEKTOPOM IpsMoii |.

[lpu Takux ycnoBusx mpousBoibHas Touka M(x; y)el torma m ToipKO TOT/IA,

., .
Korja Bektop M'M=(x — x1; Y — Y1) KOJUITMHEAPEH BEKTOpPY S, T.€. UX KOOPIMHATHI

MPONIOPLIMOHAIIBHBI:
X—Xo Y —DYo

p q
VYpaBHenue (1) Ha3pIBalOT KAHOHUYECKUM YpaBHCHHEM TPSMOIi |.

1)

[Ipu 3anmcu ypaBHEHUs TPSIMOM B KaHOHUYECKOM BHJIE, JOIMYCKAETCS, YTOOBI
OJIMH U3 4uucel ( U P OblIa paBHA HYJIIO (OJJHOBPEMEHHO ( U P HE MOT'YT OBITh PABHBIM
HYJII0, T.K. HAIPaBJSIIONIUN BEKTOP MPSMON HE JOJKEH OBbITh HYJIEBBIM BEKTOPOM).
PaBeHcTBO Hymr0 OJHOrO W3 3HAMEHATENEHM  O3HAYaeT PABEHCTBO  HYJIIO
COOTBETCTBYIOIIETO YUCIUTETIS.

3) YpaBHEeHUE IPAMOU, IPOXOIALIEN YEPE3 IBE TOUKU

ITyctes npsimas | 3amaercs aByms toukamu: M'(xq; yo)el u M(xy; y,)€l. Torna
YV .
BeKTOp M’M siBJIsIeTCSl HANPaBJISIOIIUM BEKTOPOM MpsiMoi .
CocraBuMm ypaBHeHue npsmoi |, mpoxopsmiein yepes Touky M'(xq; Vo) H

Er—
MMEIOIIHNIA HAMPaBISIOMUA BEKTOp M'M = (x; — X1; V2 — V1):

X—X1 Y= 2)
X2 —=X1 Y2—N1
VYpaBHeHue (2) Ha3bIBAIOT YpaBHEHUEM MPSAMOM, MPOXOAIICH yepe3 IBE TOUKH.




—

s

M'(zy, yy)

Puc. 6. Ilpsmas, npoxoosawas uepez mouku M u M’
4)  YpaBHEHHE TPSIMOW ¢ YIIIOBBIM K03 ummeHToM:

y = kx + b, k =tga.
4

yi ;

-

Puc. 7. Ilpsamas c yenoswvim ko3gguyuenmom
X ¥ Y — 3TO iepeMeHHbIe, K u b — 310 HekoTophIe neficTBUTENBHBIC YiCTia, U3 KOTOPBIX K
MPEACTABISIET CO00M YrioBod Ko3(PpuuueHT. B 3TUX ypaBHEHUSX NEpeMEHHas y
aBIsieTcs QyHKIUEH apryMeHTa X.

2.1.2 YpaBHEHME OKPYKHOCTH

OKpy>KHOCTBIO Ha3bIBACTCS IUIOCKAs KPHBas, COCTOSINAsS W3 MHOXKECTBA BCEX
TOYEK IIOCKOCTH, PAaBHOYMAJIEHHBIX OT 3aJlaHHOM TOYKH, HAa3bIBAEMOU ILIEHTPOM, Ha
HEKOTOpOE paccTosiHue R, Ha3pIBaeMoe painycoM.

PaccmoTpum okpyxHOCTH paguyca R ¢ nientpom B Touke My(xy; V). Torma mo

OTIPEICTICHUIO OKPYKHOCTH Juis JI000M Touku M (x; y), NpuHAIiIexamend e,

e m— 1
BBINOJIHAETCS paBEeHCTBO MyM = |M0M | = R.

Bocnonezyemcst popMysioit BBIYUCIIEHUS ATUHBI BEKTOPA:

Jx—x0)2+ (¥ —y)? =R

Ortcrona cienyer, 4To

(x—x0)*+ @ —y)* =R 3)
VYpaBaenue (3) Ha3bIBa€TCsI KAHOHUYECKUM YPAaBHEHUEM OKPYKHOCTH C LIEHTPOM

B Touke My (xo; Vo), 1 pamuycom R (puc. 8).

10



Yo |

M(x, v)

L i

Puc. 8. Oxpysrcnocms ¢ yeumpom 6 mouxe M paouyca R
B uyacTHOCTH, ypaBHEHHE OKpPYXXHOCTH C IIEHTPOM B Haudajie KOOpAMHAT U
pamuycom R ectb x2 + y% = R?,

2.1.3 CragsipHOE IIPOU3BEIECHUE BEKTOPOB

—

CKaJ'ISIpHI)IM IMIPOU3BCACHUCM JAIBYX HCHYJICBBIX BCKTOPOB o_i u b Ha3pIBaeTcs

YHCII0, PABHOE IPOU3BEICHHUIO [UTMH STHX BEKTOPOB HAa KOCHHYC YTIIa MEXITy HHMU.
- - -
d-b=|d|-|b|cos (&b).
YTOJ MEXy BEKTOPAMH.

-
Vron ¢ Mexay JByMs HEHYJIEBHIMU BEKTOpPAMU duborpenensercs no Gopmyie:

’ i b
COS = —7.
d| - |b|

2.2YpaBHeHHe KacaTeJIbHOM

VYpaBHeHUE KacaTeIbHOW — 3TO ypaBHEHHUE MPSMOM, KOTOpas KacaeTcsi rpaduka
(GyHKUIMH B ONpPENIETICHHON TOYKE M UMEET TOT € HAKIIOH, YTO U rpaduk (QyHKIHH B
JTOM TOUKE.

Jnst Toro 4roObl HaWTH ypaBHEHUE KacaTelbHOM K rpaduky (QyHKIUU B
ONpeJeeHHOW TOYKE, HEOOXOUMO 3HATh KOOPJAMHATHI ATOW TOYKUA M HAKIOH (DYHKIIMH
B OTOM TOYKE.

Hakiion kacaTenbHOW MOMKHO HAWTH, MCHOJB3YysSd NPOU3BOAHYI0 (YHKUIMHU B

naHHOM Touke. [IponsBoaHast GyHKIMH TOKA3bIBAET CKOPOCTh M3MEHEHUS (QYHKIIUUA B

11



KaXx10M Touke. TakuM 00pa3oM, HAKJIOH KacaTeJbHOW paBEH 3HAUEHUIO MPOU3BOJHON
(GyHKIIUM B TaHHOM TOUKE.

Touky mnepecedeHMs] KacaTeIbHOW C OCBIO Y MOXHO HaWTH, IIOJCTaBUB
KOOPJIMHATHI JIAHHOW TOYKHU B YpaBHEHHUE KaCATEIIBHOW U PEIIUB €ro OTHOCUTEIHHO D.

VYpaBHeHHE KacaTenbHOM K TpaduKy (QYHKIIMH HMEET HECKOJBKO CBOICTB,
KOTOPBIE IIOMOTal0T HaM ITOHATh €r0 TEOMETPUYECKOE IIPEICTABIICHNUE.

o Haxion kacarenbHON

VYpaBHeHHE KacaTeTbHOM COACPKHUT KOIPPUIMEHT HAKIOHA, KOTOPBIU
OlpesesnsieT Yroj HakJIOHa KacaTteabHOW K ocu X. Eciam koadduuueHT HakioHa
MOJIOKUTENbHBIA, TO KacaTellbHash HaKJIOHEHAa BBEPX, €CJIM OTPHUILATENIbHBIA — BHUS3.
3HaueHne ko3(PUIMeHTa HAKJIOHAa MOKHO HAMTH, UCHOJB3Ysl MPOU3BOAHYIO (DYyHKIIUU
B JJaHHOM TOYKE.

° Touka nepecedeHus ¢ OCbrO Y

YpaBHEHHE KacaTeIbHOM COAEPKUT TOUKY IMEPECEUEHUs C OCBIO Y, KOTOpas
oOO3HavaeTcs Kak D. Drta Touyka TOKa3bIBaeT, TJE KacaTelibHas IIepeceKaeT
BEPTUKAJIBHYIO OCb. UTOOBI HATH TOYKY NEPECEUEHHUS C OChIO Y, HYXKHO MOACTaBUTh
KOOPJIUHATHI JJAHHON TOYKU B YPAaBHCHUE KacaTEIIbHON U PEIIUTh €0 OTHOCHTENIBHO D,
o ['padmueckoe nmpencraBieHue

['padprueckoe npencraBlieHUE ypaBHEHUS KacaTelIbHOW MO3BOJSET HArjsaHO
Npe/ICTaBUTh, KaK KacaTellbHas JIMHUS MPOXOJUT uepe3 rpadux (yHKIUU B
ONPENEIICHHON TOYKE.

Touxka Ha rpaduke, 4epe3 KOTOpYyIo OyJeT NpOXOAUTh KacaTeabHasl, OyIeT UMETh
koopauHathl (X, f (xg)), TOe x,— 3HaUeHHe aprymMeHTa QyHKIuH, a f(Xy) — 3HaUYeHne
(yHKUIHH B 3TOHN TOUKE.

[IpousBogHast GyHKIMS B OTOM TOYKE TMIOKA3bIBACT HAKIOH KacaTeIbHOM.
Hcnonb3ys HaKJIOH KacaTelbHOW M KOOPJIMHATHI TOYKHU, MOKHO 3amucaTh ypaBHEHUE
kacatenpHOM BBHIE ¥V = f(xo) + f (xg) - (x - xp).

Hcnonp3ys MOIydeHHOE YpaBHEHHE, MOXKHO IOCTPOUTHh TIpadUK ypaBHEHHUS

KacaTeabHON. DTOT rpaduk OyIeT NPeACTaBiIsATh COOOM MPSMYI0 JIMHUIO, KOTOpas
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IIpOXOoaUuT 4YCpE3 BBI6paHHYIO TOYKY W HMMCCT TOT KC HAKJIIOH, YTO MW KaCaTCJIbHAA K

rpaduky GyHKIIUU B 3TON TOUKE.

Puc. 9. Kacamenvuas k epaguxy pynkyuuy = f(x) 6 mouxe (xo, f (xo))
['paduueckoe mpeacTaBIeHUE YpPaBHEHHS KacaTEJIbHOW IOMOTaeT HarJIsAIHO
MOHATH, KaK KacaTeJbHas JIMHUSA CBsI3aHa ¢ TpaduKkoM (YHKIIMH U KaK OHA U3MEHSCTCS

B Pa3HbIX TOYKaAX.

2.3 Mucnepcust ceera. KodpuiuenTsl npesioMiaeHust

Pagyra — armocdepHOe, ONTHYECKOE  METEOPOJIOTUYECKOE  SIBJICHUE,
Ha0II0AaeMoe MpU OCBEUIEHUU IPKUM UCTOYHUKOM CBETa MHOKECTBA BOJSHBIX KaIleyb.
VYBUIIETh paayry MOXKHO MpPHU BBICOKOW BIAXKHOCTH BO3AYyXa, OOBIYHO MOCJTE WU BO
BpeMsl JOXK[IS, MPHU YCIOBHM, YTO COJIHLE CBOOOJHO NPOHUKAET CKBO3b OOJIaka U
HaXOJIUTCS 3a CIIMHOM HAOIIoAaTes.

Panyra nosiBisercs Gnaronapsi IpeJoOMIICHUIO COJIHEYHOTO CBETA B KaIlIsIX BOJBI,
KOTOpBIE coJiepKaTcsl B aTMoc(epe B BUJIE Mapa.

B 1665-1667 romax Wcaak HpioToH — aHriamiickmii (QU3MK M MaTEeMaTHK
3aHUMAasACh YCOBEPILIEHCTBOBAHMEM TEJECKOMOB, OOpaTWi BHUMAaHUE Ha TO, YTO
n300pakeHue, JgaBaeMoe OOBEKTHBOM, IO KpasM oOkpaiieHo. JlaHHoe HaOIroJeHue
BBI3BAJIO Y HETO OOJBIION MHTEPEC, U OH PelInyl pa3rajaTh MPUPOAY BOSHUKHOBEHHUS
IBETHBIX mojoc. MHccnegysa mnpupony 1BeTOB, HBIOTOH BBINOJHUI KOMIUIEKC
ONTHYECKUX DKCIEPUMEHTOB. HekoTOopble W3 HUX A0 CHX IIOP MCHOJIB3YIOTCS B
¢usznueckux nadoparopusix. ['nmaBHbI ombIT HelOTOHA 3akimrodasicss B TOM, YTO OH,

MpoJieJIaB HEOOJIbIIIOE OTBEPCTHE B CTABHE OKHA 3aTEMHEHHOM KOMHATHI, MOCTaBUII
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CTEKJISIHHYIO MPU3MY Ha MYTH My4yKa Jy4deH, MpOoXOAMBIIUX Yepe3 3To oTBepcTthe. Ha
MIPOTHUBOIIOJIOKHON CTEHE OH TOJIYYHJI W300paKEHUE B BHUJIE TMOJOCKH YEPEMYIOMUXCS
I[BETOB — CIIEKTP.

Cnextp — (0T JATUHCKOTO «Spectrum» — BUIEHWE) HEMPEPBIBHBIA Psii IIBETHBIX
M0JIOC, TIOJTYYaeTCs IyTEM Pa3lIoKeHUs Jy4ya 0eJoro cBeTa Ha COCTaBHbIC YaCTH.

N3meHeHue HarpaBiIeHUsl paclipOCTPAHEHUsT BOJIHBI IPU MIPOXOKICHUN U3 OJHOU
Cpelbl B APYTyI0 Ha3bIBaeTcs npenomieHueM. [Ipoxoas yepes npusmy, dyd COJIHEUHOTO
CBETa HE TOJIbKO MPETOMIISIETCS, HO U pa3jlaraeTcsi Ha pa3jiMyHbIe I[BETA, 3TO SIBIICHUE
HA3bIBACTCA TUCIIEPCUECH.

Jucnepcusi — pasfioKEHHUE CBETa Ha CIEKTPaJIbHbIE I[BETa MPU MPOXOKICHUU
yepe3 ONTUYECKH IIJIOTHOE BEIIECTBO  BCJIEACTBHE 3aBUCHMOCTH  IOKa3aTelis
MPEJIOMIICHUSI M CKOPOCTHM CBE€Ta B BEILECTBE OT YAaCTOThI (WJIM JJIMHBI) CBETOBOM
BOJIHBI. fIBJI€HUE IUCIEPCUN BO3HUKAET B CBA3U C TEM, UTO CBETOBBIE JIyYH C Pa3HOU

JUIMHOM BOJIHBI UMEIOT Pa3InIHYIO0 CKOPOCTH PACIIPOCTPAHCHUA B ONTUYECKOMN cpeac.

ol

oL

Puc. 10. IIpenomnenue nyua
3aKOH IPEIOMIIEHUS CBETA:
[Tamaromwmii 1yd, TPEIOMIIEHHBIN JIyd U IEPIICHAUKYJIAP K TPAHULE pa3/ienia IByX
Cpell, BOCCTAaHOBJICHHBIM B TOYKE IAJCHUS JIy4ya, JIEKAT B OJHOW IIJIOCKOCTH;
OTHONIEHWE CHHYyCa Yyrja NaJeHUus K CHHYCY yIJia MPEJIOMIJICHUS €CTh BEIWYMHA

IMOCTOSIHHAA JIJIA IBYX HAHHBIX CPC:

sin oy
— = Ny1.
sin o, 21

ITocTosiHHAS BCJINYHHA N,1HA3BIBACTCA OTHOCHUTCIIbHBIM IIOKa3aTcICM

IMPCIIOMJICHHA UJIN ITIOKA3aTCJIEM IIPCIIOMIICHHA BTOpOfI Cpe€abl OTHOCHUTCIILHO HCpBOfI.

14



DKCNEPUMEHTAIBHO YCTAHOBJICHO, YTO JUIsl JIFOOBIX ABYX cpea 1 u 2 cpaBeayiuBoO

COOTHOILICHHE:
Ny = Tl_l
[TosTOMY 3aKOH MPEIOMJICHHUS CBETA MOYHO 3aMKCcaTh B BUJE:
sin o4 N
sino, Ny
N3 nocnenneit GopmMyiibl CIEayeT, YTO MPU MPEJIOMIICHUH CBETa (TaK e, Kak U
IPU OTPAXKEHUH) BBIMOIHIETCS MPUHIIUI OOPaATUMOCTH X0OJIa CBETOBBIX Jiyueld. To ecTh
ayd 2', TyIMEHHBIH BO BTOPOM Cpelle B HAMNPaBICHUU, MPOTHBOTIOIOKHOM

MpeJIOMIICHHOMY JIy4y 2, OyAeT pacipoCTpaHsAThCA B MEPBOM cpejie B HampapieHun 1',

MIPOTUBOIIOJI0KHOM HAaIpaBJICHUIO Mmaaaroriero jgy4da 1(puc. 11).

1’

2"

2
Puc. 11. Obpamumocmov xo0a c6emoswvix yyeti

AOCOIIOTHBIN TIOKa3aTellb MpeJoMJIeHUusT — (u3nyeckas BeIWYWHA, paBHas
OTHOLIEHUIO CHUHYCA yIUIa MAaJACHUS Jiyda K CHHYCY yIJla IPEJIOMIICHUS IIPU IEepexone
Jdy4a U3 Bakyyma B 3Ty cpeay. Uem OoJbllie y BeliecTBa Mokas3areb NpeoMIICHuUs, TEM
00J1ee ONTUYECKU MJIOTHBIM CYUTAETCS 3TO BELIECTBO.

[Ipenomnenue cBeta HpU NEPEXOAE W3 OJHOM Cpelpl B APYIYH0 BBI3BAHO
pa3januMeM B CKOPOCTSX pPacHpOCTpaHEHHUs CBETa B TOW MU Jpyroi cpemae. ITo ObLIO
JoKazaHo (Qpaniy3ckuM martemaTukoM [lbepom @epma U romaHACKUM (U3UKOM
Xpuctuanom ['roiirencom. OHM AOKa3ajad, 4TO OTHOILICHWE CUHYyCa yTIJia MaJACHUs K
CHUHYCY yIJla IPEJIOMIIEHUS €CTh BEJIMYMHA IMOCTOSIHHASA I JAHHBIX ABYX Cpel, paBHas
OTHOLIEHHUIO CKOPOCTEN CBETA B 3TUX Cpeaax:

sina 172

=Ny =—.
sin 8 2y,
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CkopocTh cBeTa B JItOOOM BELIECTBE MEHbBILE CKOPOCTH CBETa B BaKyyMeE.
IIprunMHOM yMEHBIIEHHSI CKOPOCTH CBETA B CPEJE SBIAETCA B3aMMOJECUCTBUE CBETOBOU
BOJIHBI C aTOMaMM M MOJIEKyJlaMH BewlecTBa. Uem cuilbHEe B3aMMOJEHCTBHE, TEM
00JIbIlIe ONITUYECKAs TUIOTHOCTD CPEJIbl, U TEM MEHBIIIE CKOPOCTh CBETA.

AOCOMIOTHBIM ~ MOKa3aTelb  HPEJIOMIIEHHS  ONpPENENsIeTcs  CKOPOCTBIO
pacnpoCTpaHEHHs CBETa B JaHHOU cpezie, KOTopas 3aBUCUT OT (PU3NUYECKOTO COCTOSHUS
cpenbl. Ilokazarens nmpenoMIIEHHs 3aBUCUT TAKXKE U OT XapaKTEPUCTUK CaMOIO CBETA.
JUIs1 KpaCHOTO CBETa OH MEHBIIIE, YEM U1 3€JIEHOTO0, a IS 3€JICHOIO— MEHBIIIE, YeM IS

¢buoneToBoro.

Tabn. 2. [lokazamenu npenomienuss 01 pa3HbIX YEEmos:

LBer ITokazaTenb MpeJIOMIICHUS B BOJIC

KpacHbiit 1,3311
OpaHxeBblid 1,3323
Kenteii 1,3330
3eneHpIi 1,3345
I"ony6oit 1,3371
Cunnit 1,3380
duoJIeTOBBIN 1,3428
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I'nasa 3. MaremaTuuyeckoe MOAeIMPOBaAHME X01A JIyUeH
3.1 YpaBHeHMe KacaTelbHON K NPOQUII0 KAIIH
3anuiueM ypaBHEHUE OKPYKHOCTH:
r2 = x2 + y?,
x = t4r? —y?
VpaBHeHne KacatenbHoi K rpaduky dynkummy = f(x) B Touke (xo, fo(%o))
NPUHUMAET BU:
y = f(x0) + f'(x0) (x — xo).
B kadectBe TOUYKH (xo, fo (xo)) BO3BMEM TOYKY II€PECEUEHHMsI BXOIALIETO B
KaIuIo Jiyda CBeTa, napamiensHoro ocu Ox(puc. 12).
y = fxo) + f'(x0) + (x —x0) AY
x2+yi=r

7o)

2

Puc. 12. [Tocmpoenue kacamenbHOl K OKPYICHOCMU 8 MOYKe NEPeceyeHus ¢ Hell 1ydd

3anuieM KOOPAMHATHI TOYKH MEPECEYEHUsT C OKPYKHOCTBIO BXOJSILETO CJE€Ba
CBETOBOI'O JIyya, MMEIOIIEr0 YpaBHEHUE Y = d, TAE€ AMOXET IPUHUMATH 3HAYEHHS W3
npoMexyTka [—r, r]:

Xog = —\/T?—a?, Yo = a.

3anuiineM ypaBHEHHE OKPYKHOCTH B SIBHOM BHJIE, T.€. B BHae YV = f(x):

W
fx) =% g ().
dyuxuus f(x) uppanronanbHas. M3 TaOauibl IPOU3BOIHBIX (BYHKIMM HAXOAUM

IIPOU3BOJIHYIO.
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f1@) = i—z‘j%, g =r? -2
Haxonumg' (x).
r - KoHcTaHTa, Toraa (r?)’ = 0. IIpousBoguas oT x2 pasHa 2X.
[Monyuaemg’' (x) = —2x.
Torna npoussoauHast f'(x) paBHa:

—2x _ x
rt—xt Vri-x?

VYpaBHeHUE KacaTedbHOM K TIpauKy OKPYKHOCTM B TOYKE C KOOpJMHATAMU

fl) =+

Xg = —Vr? —a?, y, = a OyneTr UMeTh BUI:
(=)

y=4r2—(2—a®)+|F

-(x+ rz—a2)=

\/rz _ (r2 _ a2)
Vr2 — q? r2 — q? r? —a?
=i|a|i—-(x+ rz—a2)=i—-xi la| + —— | =
la| la| |al
72 _ g2 r2
la] la|

3Hak " + " oTBe4aeT ypaBHEHUIO KacaTeIbHON K BEPXHEH MOIYOKPYKHOCTH, T.€.
3HaUYeHUAM TapameTpa a > 0, 3HaKk " —" COOTBETCTBYeT KacaTelIbHOW K HIDKHEH
MOJIyOKPY>KHOCTH, T.¢. 3HaueHusM a < 0. CrnemoBarensHO, ypaBHEHHE KacaTebHON K

JICBOM MOJIOBUHE OKPY’KHOCTH MOJKHO 3aIliCaTh B BUJC:

Vr2 —q? +r2
= x + —.
Y a a

3.2 IlpesiomiieHue Jry4a
JIyd cBera, BXOISIMIMN B KAIUIIO BOJIBI, IPEIOMIISECTCS IPU MONAJaHUU B BOJHYIO
cpeay W3 BO3AyIIHOW. UTOOBI MOCTPOUTH MPEIOMIICHHBIM JIy4, HYXKHBI MOCTPOCHUS
KacaTelIbHOW M MEPIeHIUKYJIApa K dTOM KacaTelbHOHU (001Iel HopMaan K KacaTeIbHOU
U K OKPY>KHOCTH B TOUKE KacaHUsl).
VYpaBHeHUE KacaTeIbHOM K OKPY>KHOCTH B TOUKE «BXOJla» CBETOBOIO Jiyya (CM.

yacTh 3.1):
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w/rz_az 7‘2
l: y=T'X+Z.

I[J'IH IMOCTPOCHUA HOPMAJIN, 3allMCbIBACM YPABHCHHC KacaTeJIbHOUN B 06HICM BHUAC

(Ax + By + C = 0):

Vr2 —q? r?
— x—y+—=0.
a a

Bekrop HOpMaiu K npsiMoi |

n = {4; B},
. V72 — g2
n={——;—-1
a
YpaBHeHue HOpMaH K ipsiMoii | (ypaBHeHHE TIpsMOi M) B KAHOHHMYECKOM BHJIC:
X—Xo Y —DYo
A B’
rae

Xog = —\/T?—a?, Yo = a.
[ToacTaBUM KOOPAUHATHI TOUYKH (X(, Vo) B YPAaBHEHHE IPSAMON M:
x+Vr2—a? y-—a
= )
\Vr2 — g2 -1

a

—x—Jr2—a?=y - ——— [r2 — q2.

a

B urtore nomydum npsiMyro, MpOXOSIIYIO0 YEpe3 Hayalo KOOpAUMHAT (Te€OMEeTpUYEeCKUI

IEHTP Karln):
—-a-x

r2—a2
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4 Figure 1 = (] X

File Edit View Insert Tools Desktop Window Help 2

dJede @ 08| R ([E

Puc. 13. [locmpoenue npenomnennozo nyua
Koaddumment npenomiienus:
sina
~ sinf’

r7e Sina - CHHyC yrjla MEeXIy BXOJSIIMM JIYYOM M HOpMalblo, Sin S — CHHYC yIja
MCKAY MPCIIOMJICHHBIM JIYYOM U HOPMAJIbIO.
sina

N

Yroa Mexay NpesioMIICHHBIM JIy4OM U HOPMaJIbIO PABEH:

sinf =

_ (Sina
[ = arcsin
3anuiieM CKalsSpHOE MPOU3BEIEHHE BEKTOPOB PH 71, Ille P — HAIPaBJISIOIIMIA

BEKTOP BXOJSAILETO B KAILIIO JIy4a, 7 - BEKTOP HOPMAJIU K KacaTeIbHOM:

ﬁ = {p1,p2} = {1, 0}, n= {ny,ny} = T; -1,

> = > —
p-n=|p|-|n|-cosa,
P n=p;-ng+py ny,

[IpupaBHAB mpaBble YACTH B 3alMCU CKAISPHOTO NPOU3BEACHUS, Mbl MOXKEM

BBIYMCJIMTH KOCUHYC yIJjia (.
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P1 Ny + P2 Ny
Ipl - |7

P Ny TPy

VP12 + 022y 4+ ny?
p1 Ny + PNy )

VP12 + P2 g2 + ny? .

3anuieM CKalspHOE IPOM3BENEHHE BEKTOPOB 1 U (, TA€ § — HaNpaBIsSIOMINNA

cosa =

cosa =

a = arccos(

BEKTOP MPEIIOMJICHHOTO JTyda. YTOJ MEXIy JaHHBIMH BEKTOPAMH paBeH T — f3.

- > —

n-q=|n|-l|q|-cos(r—p),

n-q=mn,"q;+n, q,.
[IprpaBHUBast IpaBble YaCTU B 3alMCH CKAISPHOrO IPOU3BENEHHS BEKTOPOB MU (,
[IOJIyYUM ypaBHEHUE:
.
Ny qp+ny,-q, = In| - |Q| 'C05(7T_,3)-

I[JUI OJJHO3HAYHOCTHU OHpeIIeJIeHHH HCU3BCCTHBIX KOOp,[[I/IHaT BGKTOpa C_[) I[O6aBI/IM K
HOHY‘IGHHOMY ypaBHeHHIO YCJIOBI/IG HOpMHpOBKH BGKTOpa C_I), T.C. 6y,Z[CM CHUTaTh, 4YTO

OH UMCCT CAMHUYHYIO JUINHY:

{nl-q1+n2-q2 = |n] - |q| - cos(m — B),
0%+ @ = 1.

Bripa3uMm 13 nepBoro ypaBHEHUS HEM3BECTHYIO (1M MOJCTABUM BO BTOPOE YPaBHEHHE

CHCTCMBI.

7] - cos(mr — f)—1n;-q,

q1 = n, ’
S 2
|n| - cos(m—B) —n, -
< ( B 292 +g,2=1.
ng
Peunm BTOpOE ypaBHEHHE OTHOCUTEIIBHO HEU3BECTHOM (5 :
Jn2 +n,2-cos(m—pB)—n, - q, 5
+ q2 - 1,
ny
V%2 +n,%2-(—cospf)+q, 5
n + q,” = 1,

1

g% — 24/ny2 + ny2 - cos B qy + (N2 +ny2%) - cos? B

n,?

+q22 = 11

21



g2 — 2ni2 +ny2-cosB-q, + (N2 +ny?) - cos? B +n,2-q,2 —ny 2 =0.

CrpynmnupyeM K03 HUIIHEHTHI TEPe/] OAMHAKOBBIMU CTETICHAMH (-

2

(1+n,%)-q," —2n2 + 1,2 -cosf-q, + (N2 +ny%) - cos? B —n,2 = 0.

[TonydeHHOE ypaBHEHHE SBISETCA KBAJPATHHIM OTHOCHTENBHO HEM3BECTHOH (.

KopHu ypaBHEHHs UMEIOT CIIETYIOIIUHA BUI:
Jny? +n,%2-cospf
qz = 2 +
1+n

_I_\/(nl2 +n,2) - cos? B — (1 +ny2) - (ny? +ny?) - cos? B —ny?)
- 1+ n,? '

3HaK KOpHs ONPENEIETCS C YYETOM JKEIaeMOro HampapjeHus Bekropa ¢. K
puMepy, Ha puc. 13 mpencraBieH X0/ Jy4da CBETa MPU MEPEXOAE U3 BO3MYIITHON Cpeabl
B BOAHYI0. [loKazaHHOMY Ha puC. 13 BEKTOPY § COOTBETCTBYET KOPEHB, UMEIOIIHI
OTpHUIIATENIBHYIO MPOEKIUI0 Ha och Oy. [loaTOMy IpHu BEIOOpE 3HAKA HYKHO YUUTHIBAThH
3T0 orpanuueHue (q, < 0).

[lo HalimeHHOMY ¢, ONpENENIeTCs NPOEKIMs BeKTopa ¢ Ha och O0x —
HEU3BECTHAA (4

Jn? +n,%2-cosp +n,-q,

nq

q1 = —

3anuueM B KAaHOHMYECKOM BHJIE€ YPAaBHEHHUE MPSIMOM, MPOXOISAUIEN YEPE3 TOUKY

(X0, Vo) B HAIIPABJIEHUU BEKTOPA ( — IPETOMIIEHHOTO JIyYa:

x_xozy_YO

q1 q:
_(x—x0) " q2
y_yo_ ]
q1

Jnsg  HaxoXaeHus  KOOPAMHAT BTOPOM  TOYKM  IIEPECEUYECHUs]  IPSAMOU
(TIpeJIOMJIEHHOT O JIy4a) U OKPY>KHOCTH 3aIUIIEM CUCTEMY:
(x —X0) " q

q1 ,
r? =x?% 4+ y2

Y=Y+

Cucremy peliaeM METOAOM MOACTAHOBKHU:
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(x — x0) " q2
q1
(x—x0)qz (x— xo)2 . QZ2>

+ > :
q1 q1

r2=x%4 (y, + )2,

PackpbeiBaeM CKOOKH:

2
2Y0@2%  2YoG2X0  q2°x*  —2xX0q%  qz°Xg 2
+ - + - — -
a1 a1 a1 a1 a1

PemaeM kBasipaTHOE ypaBHEHUE OTHOCHUTENBHO X:

2 2 —2X0q5> 2%0°  2Y0qaX
0:x2_<1+%>+x_<3;0‘h_ qoZQZ>+<QZq 20 _ YOqQZ 0—r2+y02 _
1 1 1 1 1

0=x2+y02

)

3anuiiem rnocjieHee ypaBHEHUE B BUJIE:

Ax?* +Bx+C =0,

2
A= <1 +qiz>,
q1

B = (2)’0‘12 _ _ZXOQZ2>
q1 12 ’

rac

qzx2 2Y0q2X
C:<2q20 — OqZO—T'2+y02>.
1 1

W3 AByX MOJYy4YEHHBIX KOPHEW KBaJApPAaTHOTO YpaBHEHHUs BbIOMpaeM OOJbIINNA
KOpEHb, T.K. BTOpas TOYKA IEPECCUYEHUs IPSAMON C OKPYKHOCTBIO PpaCIOJaraercs

npaBee TOYKH (X, Vo):

_ —B+VB—4AC

X1

2A
ITo HaliiEeHHOMY PELICHUIO X, HAXOAUM OPJMHATY TOUKH:
(= x0)qa
Y1 = + Yo-

q1
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3.30TpakeHue JJyda BHYTPH KanJau

4 Figure 1 = (m] X

File Edit View Insert Tools Desktop Window Help ~

ddde @08 K E

i

Puc.14. Ilocmpoenue ompasicenno2o nyua
B 3aBucumocTM OT 3HaKa OpAWHATHI Y, KOOPAMHATBHI TOYKH, B KOTOPOU

MIPOUCXOJIUT OTPAKEHUE Ty4a, OyAyT UMETh BHU]I:

(x;p1) = (X1i sign(y1)\/1% — x12);

rae Gyuakius sign(y;) — QyHKIHs 3HAKA:
1,y, >0

sign(y;) =1—1Ly: <0.
O,yl - O

Boruncnum npou3BoHy0 GYHKIMH, 331a0IIEH OKPYKHOCTD:
_le — xl
= + :
2/1% — x,2 V12— x4

rJie 3HaK (+) OTBeUaeT BEPXHEH MOJIOBUHE OKPY)KHOCTH, a (-) — HHXKHEH.

flo) =+

VYpaBHEeHUE KacaTeIbHOM D K OKPYXHOCTH B TOYKE OTPAKSHHS Jiyda IS CIydast

KaCaHUuA BerHeﬁ IMOJIOBUHEBI OKPYKHOCTHU NI HW)KHEH TTOJIOBUHBI:

_ X1 Tz
b y=F—t— x4

3anuiieM 3T0 ypaBHEHUE, UCTIOIB3Ys (PYHKIIMIO 3HAKA:
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7,.2

. X1 .
y = =sign(y;) - ————="x t+ sign(y;) - ———
[r2 — x,2 r2 — x,2

[IpencraBuM ypaBHEHHE IPSAMO# b (kacaTelibHOI) B 00IIEM BHUJIE:

b:

2
. X1 )
sign(y,) - ——="x+y —sign(y,) ' ——
R — X2 Y — x,2

BekTop HOpManu K 3TOM NpsAMOi OyAeT UMETh KOOPAUHATHI:

= 0.

n={nzn,}= {Slgn(Y1) 'ﬁi 1}-
7‘ - X1

YpaBHEHUE HOPMAIH K TIPSIMO#i D (ypaBHEHHE MPSIMOK @) B KAHOHMYECKOM BHJIC:

X=X Y—W
ns ny ’

(x—x1)'mn
— 1 4-+

13 Y1-

BrraucnuM yrosl Mexay NpeIOMIICHHBIM JIy4OM M HOPMalbl0 K OKPYXHOCTH B

TOYKC OTPAXCHUA JIyda:

cos(a”;\ﬁ) = cos(m —y),

== C_I) -1
cos(@i1) = G

cosy =
\/‘hz + q,° '\/n32 + ny?

[Io 3aKOHY OTpa)K€HUSI YTroJ MEXKAY HOPMAJIbI0 U OTPAKEHHBIM Jy4YOM TaKKe

OyneT paBeH Y.

== n-m
cos(nim) = EBE = coSY.

JI71sl 0IHO3HAYHOCTHU ONPEAEIIEHHs HEU3BECTHBIX KOOPAUHAT BEKTOPA 1M 100aBUM
K TI0Jy4€HHOMY YPaBHEHHIO YCIOBUE HOPMHUPOBKH BEKTOpA 711, T.€. OyIEeM CYMTATh, YTO
OH UMEET €IMHUYHYIO IJIUHY:
my-nz+m,- -ny
Jng? + %\ Jmy?2 + my2

JmZ +my? =1.

= cosYy,
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BeIpa3suM n3 mepBOro ypaBHEHMS HEHU3BECTHYIO M4, M IOACTaBUM BO BTOPOE

YPABHEHHUE CUCTEMBI:

( _ ng? +n?cosy —my -ty
ml_ )
ns
S 2
Jnz? +nu2-cosy —m,-ny ,
+m,~ = 1.
. n3

PemmM BTOpOE ypaBHEHHE OTHOCUTEIIBHO HEU3BECTHOM M5!

Jnsz? +n,%-cos(y) —m, - ny

2

+m22 = 1,
ns
2 2 2
Jns? +n,% - cos(y) —m, 2 =1
N3 2 ’

my? — 24n32 + 12 - cosy - my + (n3% + ny?) - cos?y

2 —
5 my© =1,
ns

my? — 24/n3% + ny2 - cos B - my + (n3® + ny%) - cos? B +nz? -my? —nz? = 0.
Crpynnupyem Ko3QQHUIHEHTBI Iepe/] OAMHAKOBBIMH CTETICHSIMH ;!

(1+n32) -m,” — 2y/n3% + 1% - cosy - my, + (132 +1,2) - cos?y — ny? = 0.
[TonydyeHHOE ypaBHEHHE SIBIISIETCS KBaAPATHBIM OTHOCHUTEIBLHO HEU3BECTHOM M,.

Kopnu ypaBHEHUS UMEIOT CIAEAYIOMINI BU:

_ n3® +ny?-cosy 4

1+ ns2

LV Os? +12) - cos?y — (1 +157) - (na” +n4?) - cos’y — 1)
- 1+ nj3? '
3HaK B BBIPAKEHUM i M, BBIOMpAETCd B COOTBETCTBUM C IPUHATOU
opueHTalmell BekTopa M. Puc. 14 COOTBETCTBYET OTPHULIATELHOE 3HAYEHHE TTPOEKIIUU
BEKTOpa 1M Ha och opauHat 0y. ITo HaliieHHOMY M, ONpEeNEIeTCs IPOEKIUS BEKTOpa
— -
m Ha ocb OX — HEU3BECTHAAM, :

JNnz? +nu2-cosy —n,-m,

ns

m1:

3anumeM B KAaHOHMYECKOM BHJIE€ YPABHEHHUE NPSAMOM, MPOXOIALIEN YEPE3 TOUKY

(x4, y;)B HaIpaBJIECHUU BEKTOPA M — OTPAXKEHHOTO JIy4a:
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X=X Y=
my m,

(x — xg) - m,;

y = m +y1.

JI1st HaXOXKAEHUSI KOOPAUHAT BTOPOM TOUKH NEPECEUEHUsI MPSIMON (OTPAKEHHOTO
Jqy4a) U OKPYKHOCTH 3aIIUIIEM CUCTEMY:

=(x—x1)-m2+
y m )’1.

r?2 =x%+y?

Pemaem CUCTEMY MCTOIOM ITOACTAHOBKH:

(x—x)'m 2
1 2+y1 ,

r?=x2%+
mq

(x—x) m, (x—x)2% m,?
T2=x2+<y12+2-y1- —— ]
my my
PackpbIBaeM CKOOKH:

2

, o 2yimpx 2yimox;  mptx® —2xxymp® mytxg "

0=x +y1 + - + 2 > + > -1,
my m, my m, my

PemaeM kBasipaTHOE ypaBHEHUE OTHOCUTENBHO X:

2 2 2. 2
m 2y:m —2xm m,°x 2 X
0=x2'<1+—22)+x'(y1 2 122>+ 221 _ “N14z 1—7”2+y12
m1 m1 m1 Tn1 m1

3anuieM IMOCJICAHCC YPABHCHHUC B BUAC!

Alxz + le + C1 = O,

A, = 1+m22
1 — m12 )

2y,m, —2xim.,>
32:(3’1 2 12>’

rac
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M3 nByX MOJyYEeHHBIX KOpPHEH KBaJPATHOTO YpPAaBHEHHS BBIOMpPAeM MEHBIIHI
KOpEHb, T.K. BTOPAsi TOYKa MEPECEUCHHUS MPSIMOU C OKPYKHOCTHIO PacIojiaraeTcs JieBee
Touku (X1,Y1):

_B1 - \/ Bf - 4‘A1C1

24,

x2=

[Io HaiIECHHOMY PELICHMIO X, HAaXOJHWM OPAMHATY BTOPOM TOUYKH NEPECCUEHUS

OTPAKCHHOI'O JIy4da C OKPY>KHOCTBIO!

(X3 —x1) My

= + vy,.
Y2 m V1

OTtmeTuM, 4YTO B cClly4ae JByX M OoJjiee OTpaKeHUM Jyda BHYTPH KaIliy,
paccy X IeHus MPOBOAATCA aHAIOTMYHO. ONpenenstoTess IPOSKIUA BEKTOpa HOPMAJIU K
Karyle B TOYKE IEPEeCeUeHUs] MaAarollero Jiyda, BBIYUCISIETCS YroJl TMaJieHus,
3aIMChIBAETCS CUCTEMA JUISl HAX0XKACHUSI HAIIPABJISAIOIIEr0 BEKTOPa OTPAXKEHHOTO JIy4a,

BBIYHCIIIOTCSA KOOPAWHATBI TOUKHU IICPECCUCHUA OTPAKCHHOI'O JIyda C OKPYKHOCTBIO.

3.4 Bropoe npejiomJieHHe Jiy4ya

4 Figure 1 = (] X

sile Edit View |Insert Tools Desktop Window Help

dJéde @ 08 R [E

& AEURQQ R
aF .
3 L
// \\\

1 7
0 [ \(xs; )
1 \ ‘/// /
- \\ m /

(X:, \ _/.//
it I
3 / /' \d
; 7 7

c
4t ,

Puc. 15. [locmpoenue npenomnennoco nyua
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B 3aBucumocTM OT 3HAaKa OpPAWMHATBL Y, KOOPAMHATBHI TOYKH, B KOTOPOU

IIPOUCXOJIUT MPETOMIIEHUE JTyda, OyayT UMETh BUI:

(x2;¥2) = (Xz; sign(y )\ T2 — xzz)-

Boruncinum npou3BoiHy0 GYHKIMH, 331a101IEH OKPYKHOCTD:

—2x2 — xz
2 2 =+ 2 2
24/T% — Xy NTE — Xy

e 3HaK (+) OTBeYaeT BEPXHEH MOJOBHHE OKPYKHOCTH, a (-) — HIDKHEH.

flx) =+

VYpaBHeHue kacatedbHON O K OKPY)KHOCTH B TOYKE MPEIOMIICHUS JTy4a JUJIs

clIydas KaCaHUuA BCpXHeﬁ ITOJIOBUHBI OKPYKHOCTH HUJIU HWKHEH MMOJOBUHEIL;

X r?

d y=Ft——x+t——.
3anuiiem 3To YPaBHCHUC, UCIIOJIb3Y: (i)YHKIIHIO 3HaKa.:

7‘2

X
y = —sign(y,) - —————" x + sign(y,) - ———.
/rz_xzz T-Z_xzz

[IpencraBumM ypaBHeHHE TpsiMoii O (kacaTelIbHOM) B 00IEM BHUJIE:

d:

7"2

. X2 .
sign(yz) - ——=—=-xty = sign(y,) -—-—=—==0.
Tr - xz Tr - x2

BekTop HopMainu K 3To# mpsaMoi Oy/1eT UMeTh KOOPIMHATHI:
S . X2
n = {ns,ne} = {sign(y,) - —=;1
T'Z - x22
VYpaBHeHHe HOpMaHK K ipsiMoit d (ypaBHEHHE MPSIMOI C) B KAHOHUYECKOM BH/IC:

X=X Y=Y
ns Ng '

(x—xy)n
_Gmx)ng
Ns

V2

BeraucnuM yrosn MexAy OTPaXXEHHBIM JIy4OM M HOPMallbl0 K OKPY>KHOCTH B

TOYKE MPEJTOMIICHHUS JTy4a:

cos(ﬁ’) = COS Uy,

. m-n
cos(miT) =
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my"Ng +m, - ng

Jmi2 + my? -\ ng? + ng?

CoS az =

ml'n5+m2'n6

JmiZ +my2 -\ ng? + ng?

a, = arccos

Koaddunuent npenomnenus:

sina, 1

sinf, N’
e Sin a, - CHHYC yIila MEXIy OTPaKEHHBIM JIy4OM W HOpPMaJbio, sin §, — CHHYC yria
MEKTy MPETOMIICHHBIM JIY9IOM M HOPMAJIBIO.
VYo MexTy PEIOMIICHHBIM JTy4OM M HOPMAJIbIO PABEH:
B, = arcsin(sina, - N).
_> 4

3anuiieM CKalsApHOe MPOU3BEIECHHE BEKTOPOB 7l M f, Ije f — HanpaBJsOIMid

BEKTOP IIPEJIOMIICHHOTO JIyda. YToI MKy JAHHBEIMH BEKTOpPAMH PaBeH 5.
- f = [l - |F] - cos o,
f=ns-fi+ngfo

HpHpaBHI/IBaH IIpaBbIC YaCTHU B 3allMCU CKAJIPHOI'O IIPOU3BCACHHA BCKTOPOB ﬁ )51 f )

Si

MOJy4UM YpaBHEHHUE:
N -
ns-fitne fo =11l |f| * COS fB,.
JIJIsi OTHO3HAYHOCTH ONpPENCNICHUsT HEW3BECTHBIX KOOPAMHAT BEKTOpa f 100aBUM K

MOJIy4€HHOMY YPaBHEHUIO yCIIOBHE HOPMHPOBKHU BEKTOpA |

N fi+ne fo = |ﬁ|'|f|'C05,32,
]c1z‘|‘fz2 = 1.

Bripazum u3 nepBoro ypaBHEHUS HEU3BECTHYIO fiH TOJICTaBUM BO BTOPOE ypaBHEHUE

CUCTEMBL:
fi = 7] - cos B, — e " fo
1 Tl5 )
R 2
|n| - cosfB, —ng - f

2
=1
e t /12

PemM BTOpOE ypaBHEHUE OTHOCUTEIHHO HEU3BECTHOM f:
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Vns® +ng® - cos(By) —ng* fo

ns

Vns? +ng? - (cos(By)) — f> i
n

5

+f22=1,

+f22=1,

2
fo2© = 2yns? + ng? - cos(By) - fo + (ns® +ng?) - cos*(By) 2
2 + fz = 1,
ns
fo* = 2ns? +ng? - cos(Br) - fo + (ns® +ng?) - cos?(By) +ns® - fo” —ns® = 0.
Crpynmupyem k03¢ GUIIMESHTHI TIepe]l OIMHAKOBBIMY CTETICHIMU [
2
(1 +n5%) - fo° = 2yns? +ng? - cos(By) - f + (ns® + ng?) - cos?(By) — ns® = 0.
[TonyyeHHOE ypaBHEHHE SIBIISIETCS KBAJIPATHBIM OTHOCUTEIHLHO HEU3BECTHOM f.

KopHu ypaBHEHUSI UMEIOT CHEAYIONIUN BHUI:

JNns? +ng? - cosfy N

fZ - 1 + n52
_l_\/(nsz + ng2) - cos? B — (1 +n52) - ((ns? + ng?) - cos? B — ng?)
- 1+ n52 |

5
3HaK KOpHS OIpenenseTcss ¢ y4eToM ellaeMoro HampasiieHus Bekropa f. K

MpuMepy, Ha puc. 15 mpeacTaBieH X0/ Jyda CBETa IPU MEPEX0Jie U3 BOAHOM Cpelbl B

5
BO3yIIHYH0. [lokazanHOMy Ha puc. 15 BekTOpy f COOTBETCTBYET KOPEHb, UMEIOIIUN
OTpHUIIATEIBHYIO MPOEKIHI0 Ha och Oy. [loaToOMy mpu BEIOOpPE 3HAKA HYKHO YUUTHIBAThH

9T0 orpanuueHue (f, < 0).

-

[lo wnalimeHHoMmy f, ompenenseTcs mpoekiuss BekTtopa f Ha ock Ox —

HEU3BECTHAasf; :

\JNs? +ng? - cos(fy) +ng - f2

1 =

fi e

3anuiineM B KAHOHMYECKOM BUJI€ YPABHEHUE MIPSMOUN — MPEJOMIIEHHOIO JIyyYa.
X=Xy Y=Y

f f2

VYpaBHeHUE MPEIOMIIEHHOTO JIy4a B SIBHOM BUJIE:

(x_;lz) f2 +y,
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I'naBa 4. UccaenoBanue xoaa jJgy4ei sl IPSIMOH U NePeBEPHYTOM

paxyru
4.1 llpsimas pagyra

PaccmoTpum cimyyait OJHOKPATHOTIO OTPaKEHUS JIyd4e BHYTPH KaIlIu.

< Figure 1 — a X

File Edit View |[nsert Tools Desktop Window Help N

Deade @ 06 KE

0.2 . . / . . . .

[}1 Fi 7

-01

027

-0.3

0.3 0.2 -0.1 0 0.1 0.2 0.3

Puc. 16. Buo padyeu 6 ciyuae 6xo0sauux iydeil, pacnoloHCeHHbIX @blule YeHmpa Kaniu

[TycTh I — paauyc npoduiist Karim, a — OpAMHATA BXOJSIIETO B KaIlIl0 CBETOBOTO
ay4a.

Ha puc. 16 npencraBieHo NOBEAEHUE CIIEKTpa ISl CIy4aeB, KOT/1a TOUYKH BbIXO/1a
Jyder u3 Karjiu UMEIOT OTPUIIATEIbHYIO a0CIHMCCY, T.€. PACIIONIOKEHbI ¢ HaO 0 1aTelieM
0 OJTHY CTOPOHY OT Karum. VI3 ma6a. 3 BUAHO, YTO MPpHU yBEIUYECHUH napametpa a ot 0
1o 0.76*r yron Mexay BXOASIIMM M BBIXOISIINM JIy9aMH YBEJIMUUBACTCS OT HYJSI 10

40° 3navyeHue yriia, paBHOE HYJIIO COOTBETCTBYET JIyuy, IPOXOISAIIEMY YEPE3 LICHTP
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Karu (BBIPOXKIACHHBIM cllydaid). 3HadueHune yria mopsiaka 38,95° — 40,34° orBeuaer

JIydaM, BBIXOJAIIUM U3 HIDKHEH TOYKU KaIllu.

Tabn. 3. Yenvl mesncoy 6xo0auum u 8bIX00AUUM AY4aAMU CREeKmpa

6 cjiydae exodﬂmux Jzyueﬁ, PACNOJIOJNCERHBIX 8blULE YEHNIPA KANJIU

a )/ —yTOJI MC)KI[y BXOOAIIIUM U BBIXOIAIIIUM JIyT—IaMI/I B rpaz[ycax
0.4%p 22.7300 | 22.6921 | 22.6110 | 22.4710
0.5*p 28.1692 | 28.1204 | 28.0162 | 27.8361
0.6*r 33.3245 | 33.2638 | 33.1340 | 32.9097
0.76*r 40.1958 | 40.1123 | 39.9335 | 39.6249
4 Figure 1 - [ X
Eile Edit View Insert Tools Desktop Window Help N
AEL DIEAREID::

0.3 0.4

Puc. 17. Buo padyeu 6 ciyuae 6xo0awux yuetl, pacnoiodceHHblxX 601U3U 6epXHeEll

mMo4YKU Kaniau

Ha puc. I7npencraBieH ciiydail, Ipd KOTOPOM TOYKH BBIXOJA JIyded W3 Karliv

UMEIOT TOJIOKUTEIbHYI0 a0CIUCCY, T.€. PACIOJOXKEHbl C IPYrol CTOPOHBI OT Karliu,
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Hexenn HaOmomarens. [Ipu yBenmmyenuu mapamerpa a ot 0.76*r mo 0.85*r yron y
MEX/Ty BXOJSAIINM U BBIXOJSIINM JIydaMU YBEIHUMBACTCS 10 3HAYCHUS Topsiaka 42°, a
Ipu JajapHelneM ypenudaeHuua 10 3Hadenus 0.99999999*r (nmpu npubnuxenun jryda K
BEepPXHEH TOPU30HTAIHLHON KacaTeIbHON poUIIs Karum) — yobIBaeT (mabin. 4).

Tabn. 4. Yener mesncoy 6xo0auum u 8bIX00AUUM AYUaAMU CREKmpa

6 ciyvuae 6)600}11/1/;1/{)6 ﬂyqeﬁ, paAcCnolONCEHHbIX 60.1U3U 6€pXH€1/7 mo4Ku Kanjiu

a Y — Yo MCXKIY BXOJAIINM W BRIXOJAIINMM JTydYaMHM B Irpagycax
0.8*r 41.3527 | 41.2624 | 41.0692 | 40.7356
0.85*r 42.1464 | 42.0467 | 41.8335 | 41.4656
0.9*r 41.6631 | 41.5529 | 41.3172 | 40.9105
0.99*r 28.1956 | 28.0620 | 27.7765 | 27.2841
0.99999999*r 145794 | 14.4425 | 14.1506 | 13.6470
4. Figure 1 - O x
File Edit VMiew |Insert Tools Desktop Window Help L
OQcdde @ 0| & E
£, A E0aQ &
D2 B T T ™
01r
D -
-01F
02
037
-04 .
0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

Puc. 18. Buo padyau, nabrodaemoti 8 npupooe
Caygaii, Korga yroa YJIOCTHTaeT MaKCHMyMa, OTBedaeT HaOIfoJaeMoMy B
IPUPOAC SBICHUIO U MPEACTABISCT HHTEPEC C TOYKH 3PEHHUS OOBSICHCHUS

BO3HHUKHOBEHUs paayru (puc. 18).
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4. Figure 1 — O x
File Edit View Insert Tools Desktop Window Help »

DEde (G008 k(E
£ AEQRAG

0.3

0.2

0.1

-0.1

-0.2

-0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

Puc. 19. Buo padyeu 6 ciyuae 6xoosawux iyyeti, pacnolodiCeHHbIX HUXMCe YeHmpa Kaniu

Ha puc. 19npencraBinen xona Jyded CIEKTpa MPU BXOASIIMX CBETOBBIX JIydax,
PaCIOJIOKEHHBIX B OTPULIATEILHOM MONYIIIOCKOCTH. BUIHO, UTO BBIXOMASINNUE W3 Karliv
Jy4d YXOJAT BBINIC HCTOYHUKA M HE MOMAIAI0T B MMoJjie 3peHus Habmomarens. [Toatomy
JAHHBIA CITydal ¢ TOUKH 3peHUS] OOBSICHEHUS PAAyTy HAC HE HHTEPECYyeT.

OTMETHM, YTO HpPAMONU NOPAOOK Jyueil, HaAOII0aAemMblX Uel08E€KOM,
noayuaemcsa  napanieibHolM — NEPeHOCOM  GbIXO0AWUX U3  Kanau  Jiyyeil,
npeocmaenenuslx Ha puc. 18, ¢ mouxy o0630pa nabnwoamensn. Takum o00pazoM,
6epxXHUIl Y4 071 Habdawoamensa 0Oyoem umems KpacHuulii yeem (y20.1 HAKIOHA

Haubdonvwmun - 42.3176), a nuxcnuii — gpuonemoswiii (y2on HAKIOHA HAUMEHbUIUIL -

40.6656).
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4.2 llepeBepHyTasi pagyra

AnanornyHo n. 4.1 mpoBeaeM uccCleIOBaHUE XOJa Jy4del MpU JBYKpPaTHOM
OTpPaXEHUU BHYTPU KaIUIH.

PaccmoTpuM 1OTOK Jydel, BXOIAIIMX B KaIUII0 HMXKE €€ TE€OMETPUYECKOIO
ueHtpa. B atom ciyuae napametp a < 0. [Ipu yMmeHblieHuu nmapaMerpa a ot HyJs J0 -
0.6*rBeIXOAIIIME JTYYH UMEIOT OTPHUIATENbHBIN KO3(dUIIMEHT HAKJIOHA U HE MOMaIaroT
B moise 3penus HaOmonarens (puc. 20). Ilpu sToM yrom Mexay BXOASAIIUM U

BBIXOJISIIMM JTy9aMU YMEHBIIIAETCs OT HyJIst 10 ~ 90°(maba. 5).

< Figure 1 — O X

File Edit View |Insert Tools Desktop Window Help ]

Ddde @ 08 K(E

0.27F '

02

0.2 0.2 0.1 0 0.1 0.2 0.3 0.4

Puc. 20. Buo paodyau 6 ciyuae 6xo0suux nyyetl, pacnoiloHCeHHbIX HUMCe YeHmMpa Kanu,

He nonaoaiowell 8 noje 3penusi Habaroamens
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Tabn. 5. Venel mesncoy 6xo0amum u 8bIX00AUUM TYUaAMU CREKmPa

6 cjiydae exod}m;ux Jzyqed, PACROJIOJCERHBIX HUJCE YeHmpa Kanjiu

a Y —YT0JI MEXY BXOSIINM U BBIXOASIIUM JIy9aMH B Tpaycax
-9.001*r 179.857 | 179.857 | 179.857 | 179.858
-0.2*r 151.272 | 151.299 | 151.358 | 151.459
-0.4*r 122.327 | 122.384 | 122.505 | 122.715
-0.6*r 93.143 |93.234 |93.429 |93.766

JanbHeiimee ymeHblieHue napamerpa a ao -0.95*r mnopoxngaer BeIXopsmIue
Jy4Yd C TOJIOKUTEIBHBIM YIJIOBBIM Ko3(duumentom (puc. 21). Ilpu stom yrom y
YMEHBIIAETCS M JOCTUraeT CBoero MuHuUMyMma mnopsaka 50° — 53°. V3MeHeHue
napameTpa a ¢ -0.95*r go -0.99999999*r (kpaiiHee HUKHEE MMOJIOKECHUE) TIPUBOIUT K

pocty yrnay (puc. 22, maba. 6).

4 Figure 1 — O X
File Edit View Insert Tools Desktop Window Help N
Nade Q08| E

0.3 0.4

Puc. 21. Buo padyeu 6 ciyuae 6xo0awux yuetl, pacnolodCeHHbIX HUMce YeHmpa Kaniu,

nonaoaroujell 8 nojie 3peHus Habaroamens
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Tabn. 6. Yenvl mesncoy 6xo00auuM u 8bIX00AUUM IYUAMU CREKMPA 8 CIyuae X00Auux

Jzyqeii, PACNOJIOJNCERHBIX HUJICE YeHmpa KanJjiu, 601U3U ee HUdICHEL MOYKU

a Y —yT0JI MEXy BXOSIIUM U BBIXOASIIUM JIy9aMH B Tpagycax
-0.7*r 78.6801 | 78.7915 | 79.0299 | 79.4416
-0.8*r 64.8408 | 64.9763 | 65.2662 | 65.7666
-0.85%p 58.5687 | 58.7183 | 59.0380 | 59.5900
-0.9*r 53.3472 | 53.5126 | 53.8661 | 54.4762
-0.95%r 50.7073 | 50.8908 | 51.2832 | 51.9601
-0.99%r 55.8162 | 56.0166 | 56.4448 | 57.1835
-0.999*r 63.4204 | 63.6249 | 64.0620 | 64.8158
-0.99999999*r 68.1390 | 68.3443 | 68.7821 | 69.5376

4. Figure 1 — O *
Eile Edit View Insert Tools Desktop Window Help L
N de G 0E KE

0.3 T T T T T T T

-0.3 -0.2 -0.1 L L 0.2 0.4

Puc. 22. Buo padyau 6 ciyuae 6xo0auux ayueil, pacnolo#CeHHbIX 0IU3U HUNCHEU
MOYKU KAniu
VYron HakjgoHa HaOMIOJaeMOW B MNPUPOJE TNEPEBEPHYTON pPaayrd COCTABIISET

nopsinka 51° — 52°, 94TO COOTBETCTBYET HAWJICHHOMY MHUHHUMAJIBLHOMY YTy MEXITY
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BXOJSIIMM M BBIXOJAIIMM JiydamMu cBeTa. Ha puc. 23 uzobpakeH Xoj jaydeid mnpu

MUHHUMAJILHOM yTJI€ HAKJIOHA, TOJTYYEHHOM B paboTe.

< Figure 1 — O X

File Edit View |[nsert Tools Desktop Window Help N

Dede @ 06 kE

D.3 T T T T T T T

_DIS 1 | 1 1 1 | 1
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Puc. 23. Buo padyeu, nabarooaemoti 6 npupooe

[Ipy moTOKe myuel, MPOXOJAIIEeM HaJd TEOMETPUUYECKUM IIEHTPOM Karliu,
BBIXOJIAIIME JIYYH HE TOMaJaroT B 00JacTh 3peHus Habmomatens (puc. 24), modtoMmy
JAHHBIN CTy4dail HaC MHTEPECOBaTh HE OYET.

AnanornyHo mn. 4.1 oTMETUM, YTO 0Opammuwvlit NOPAOOK Jjyuell, HADII0AeMbIX
Ye/106€KOM, NOJIYYAEMCA NAPAINeTbHbIM HEPEHOCOM GbIX0OAWUX U3 Kanau Jiyuell,
npeoCcmaesieHHvlx Ha puc. 23, 6 mouxy oo3zopa nabarwoamens. Takum oOpa3oMm,
6EepXHUIL JIyY 0N Haobarwoamenn Oyoem umemsv huosiemosvlii yeem (Y201 HAKIOHA

Hauoonvwun - 53.4303), a HudicHuil — KpacHwlil (Y201 HAKIOHA HAUMEHbUWMUIL -

50.3919).
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4 Figure 1
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Puc. 24. Buo padyeu 6 ciyuae 6xoosawux iyyetl, pacnolodiCeHHbIX 8blule YeHmpa Kaniu

Tabn. 1. Yenvl mesncoy xo0auum u 8bIX00AUUM TYUAMU CNEKMPaA 8 CIyuae 8X00auux

JzyqezZ, PACNOJIOJNCERHBIX 8blULE YEHNIPA KANJIU

a Y —YTOJI MEXAY BXOJSIIMM U BBIXOJSAIIMM JIy4aMH B Ipagycax
@.1%r 14.3490 | 14.3355 |14.3064 | 14.2562

@.3*r 43.1636 | 43.1219 |43.0327 |42.8784

@.5*r 72.2537 | 72.1807 | 72.0243 | 7/1.7542

@.7*r 101.3199 | 101.2085 | 100.9701 | 100.5584

0.9%*r 126.6528 | 126.4874 | 126.1339 | 125.5238
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I'naga 5. KomnbrorepHasi peajiuzamus

5.1 OnHokpaTHOE OTpa:KeHHe JIy4a BHYTPH KaIlJIn
clearall
r=input('BBeguTe paanyc OKpPYXHOCTU: ');
theta=1linspace(0,2*pi,200);
x=r*cos(theta);
y=r*sin(theta);
plot(x,y, '-k'); %MNocTpoeHne OKpyXHOCTU

holdon

a=0.5*r; %BBog napameTpa

plot([-2*r,-sqrt(r*r-a*a)],[a,a], '-k', 'LineWidth',2) %3apaHue
NpAMOW - Nlyyda CBeTa, BXOAAWEro B KanawBoApl
axis([-2*r 2*r -1.5*r 1.5*r])

axis('equal');

color_array=['r" 'r' 'y' 'g' 'c'" 'b" 'm']; %BBoamaccuBa (uBeTa)
n_array=[1.3311 1.3323 1.3330 1.3345 1.3371 1.3380 1.3428]; %

BeBog maccuBa (KO3QOUUMEHTH MpesoMneHuUs ANA KaxAoro uBeTa Jyya)

forj=1:1:7 % Uukn no nyy4yam BUOMMOro crnekTpa

% KoopauHaTbl TOYKWU MepeceyeHUs BXOJAWEro B Karnjw yy4ya C 1eBOM
rpaHuuen kanam

x0=-sqgrt(r*r-a*a);

yo=a;

delta=r;

% MpoekuuMn BeKTOpa HOpManM K OKPYXHOCTM B TOYKe BXoda Ny4a
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nl=sqrt(r*r-a*a)/a;

n2=-1;

% MMpoekuun HanpaBnAwWero BeKTOpa BXOJAWEro Jjy4a

pl=1;

p2=0;

% Yron mexzy HOpMaJbl M BXOAAWUM J1yYOM
alfa=acos((pl*nl+p2*n2)/sqrt((pl*pl+p2*p2)*(nl*nl+n2*n2)));
% KosaddmumeHT npenomneHusa nyda npu nepexoge M3 BO3AYWHOW Cpedbl B
BOAHYK AN BbIOPAHHOro ayya cnekTpa

N=n_array(j);

% Yron mexgy HOpPManbld U NPeNOMIEHHbIM Jy4OM
betta=asin(sin(alfa)/N);

% MpoekuuMn HanpaBfAWWEro BeKTOpa MpesIOMIEHHOrO Jy4a
g2=(2*sqrt(n1*nl+n2*n2)*cos(betta)-
sqrt(4*(n1*nl+n2*n2)*cos(betta)*cos(betta)+(-4-
4*n1*nl)*((n1l*nl+n2*n2)*cos(betta)*cos(betta)-
nl*nl)))/(2+2*nl*nl);
gl=(sqrt(nl*nl+n2*n2)*(-cos(betta))-q2*n2)/nl;

% KoadduumeHTbl obwero ypaBHEHUA MpAMON, COOTBETCTBYHLWEN
NpesioMIEHHOMY Nly4y

A=1+q2*q2/(ql*ql);

B=(-2*x0*q2*q2)/(ql*ql)+2*q2*y0/ql;
C=x0*x0*q2*q2/(ql*ql)+(-x0*2*q2*y0)/ql+y0*y0-r*r;

% KoopauMHaTbl TOYKM MepeceyvyeHUss MPesiOMIEHHOro Jyda C Kannewn
x1=(-B+sqrt(B*B-4*A*C))/(2*A);

yl=(x1-x0)*q2/ql+y0;

% TMocTpoeHne NpenomMneHHOro ny4ya BHYTpU Kanau

plot([x0,x1],[y09,yl],color_array(:,j) , 'LineWidth"',2);
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% TMpoeKkunMn BeKTOpa HOpMaJM K OKPYXHOCTM B TOYKE ee nepeceyvyeHua C
NpenoMNEHHbIM 1y4OM

n3=sign(yl)*x1/sqrt(r*r-x1*x1);

n4=1;

% Yron nageHus npesioMiieHHoro nyda (yrosa mexay npenoMaeHHbM y4om
M HOpMaJibl K Kanje B TO4YKe OTpaxeHua)
gamma=acos((gql*n3+qg2*n4)/(sqrt(gql*ql+q2*qg2)*sqrt(n3*n3+n4*nd)));
% MpoekuuMn HanpaBfAWWEro BeKTOpa OTPaXeHHOro Jjy4a
m2=(2*sqrt(n3*n3+n4*n4)*(cos(gamma)) -
sqrt(4*(n3*n3+n4*nd)*cos(gamma)*cos(gamma)+(-4-
4*n3*n3)*((n3*n3+n4*nd)*cos(gamma)*cos(gamma) -
n3*n3)))/(2+2*n3*n3);
ml=(sqrt(n3*n3+n4*n4)*(cos(gamma))-m2*n4)/n3;

% KoadduumeHTb KBagpaTHOro ypaBHEHUA Ana onpegeneHna abcumccol
TOYKU MepeceyeHna OTPAXEHHOrOo Jy4a C OKPYXHOCTbH
Al=1+m2*m2/(m1*ml);

Bl=(-2*x1*m2*m2)/(m1*ml)+2*m2*yl/ml;
Cl=x1*x1*m2*m2/(m1*ml)+(-x1*2*m2*yl)/ml+yl*yl-r*r;

% KoopauMHaTbl TOYKM MepeceyvyeHUss OTPAXEHHOIrO Jlyda C OKPYXHOCTbH
x2=(-B1l-sqrt(B1*B1-4*A1*C1))/(2*Al);

y2=(x2-x1)*m2/ml+yl;

% TocTpoeHMe OTpaXeHHOro nyya BHYTpuM Kanau

plot([x2,x1],[y2,y1l], color_array(:,j), 'LineWidth',2);

% MpoekuuMn BeKTOpa HOpMaNiuM K OKPYXHOCTM B TOYKe BbIXOAA M3 Kanau
OTpPaXeHHOro ny4a

n5=sign(y2)*x2/sqrt(r*r-x2*x2)

n6=1;

% Yron najeHus OTpPaXeHHOro Jiyda Ha rpaHuuy Kanau

alfal=acos((m1*n5+m2*n6)/(sqrt((m1*ml+m2*m2)*(n5*n5+n6*n6))))
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% Yron mexzy HOpMasbw K OKPYXHOCTWM B TOYKe BbIXOAA M3 Kanau syya
M NpPesIOM/IEHHBIM JTy4OM.
bettal=asin(N*sin(alfal))
% TMpoeKkuun HanpaBfAWWEro BeKTOpa BbIXOAAWEro M3 Kanau ny4a
if x2<0
p2=(2*sqrt(n5*n5+n6*n6)*cos(bettal)-
sqrt(4*(n5*n5+n6*n6)*cos(bettal)*cos(bettal)+(-4-
4*n5*n5)*((n5*n5+n6*n6) *cos(bettal)*cos(bettal) -
n5*n5)))/(2+2*n5*n5)
pl=(sqrt(n5*n5+n6*n6)*(cos(bettal))-p2*n6)/n5
else
p2=(2*sqrt(n5*n5+n6*n6)*cos(pi-bettal)-
sqrt(4*(n5*n5+n6*n6)*cos(pi-bettal)*cos(pi-bettal)+(-4-
4*n5*n5)*((n5*n5+n6*n6)*cos(pi-bettal)*cos(pi-bettal)-
n5*n5)))/(2+2*n5*n5)
pl=(sqrt(n5*n5+n6*n6)*(cos(pi-bettal))-p2*n6)/n5
end;
% TMocTpoeHMe BLIXOAAWEro U3 Kanau ny4ya
plot([-2*r,x2],[(-2*r-x2)*(p2/pl)+y2,y2],
color_array(:,j), 'LineWidth',2);
% 3anucb B MacCWMB yrfa Mexay BXOASAWMM B Kanjw U BbIXOAAWMM U3 Hee
NyY4amu ANnAa Kaxgoro siyya BUAMMOrO CMekTpa
alfares(j)=atan(p2/pl)*180/pi

end;

alfares % BbiBog pe3ynbTaTa (yrnbl mMexay BXOAAWMM M BbIXOASWMUMM

ny4yamu)
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5.2 IByKpaTHoe OTpaskeHue BHYTPH KAILIH
clearall
r=input ('BBeguTe paamyc OKpPYXHOCTU: ');
theta=1linspace(0,2*pi,200);
x=r*cos(theta);
y=r*sin(theta);
plot(x,y, '-k"); %MocTpoeHne oOKpyxXHOCTHU

holdon

a=-r*0.5 Z%OnpepeneHune napameTpa a

param=a/r

plot([-2*r,-sqrt(r*r-a*a)],[a,a], '-k', 'LineWidth',2)
% 3ajaHue npsMoi — Jlyda CBeTa, BXOAAWEro B Kaniw BoApl
axis('equal');

axis([-2*r 2*r -1.5*r 1.5*r])

color_array=['r"' 'r' ‘'y' 'g' 'c' 'b" 'm']; %BBom maccuBa (uBeTa)
n_array=[1.3311 1.3323 1.3330 1.3345 1.3371 1.3380 1.3428];

% BBoa maccuBa (KOIQPUUMEHTH MpenoMaeHua ANA KaxAoro upeTa Jy4a)

forj=1:1:7 7% Uukn no ny4am BUAMMOro crnekTpa

%KoopAnHaTbl TOYKU NepeceyvyeHUA BXOAAWEro iyd4a U OKPYXHOCTHU
x0=-sqrt(r*r-a*a);

ye=a;

delta=r;

%Mpoekunn BeKTOpa HOpMaAM K OKPYXHOCTM B TOYKe BXOAA Jyya
nl=sqrt(r*r-a*a)/a;

n2=-1;

% [poekuMn HanpaBnAwWero BeKTOopa BXoAdwero nyda
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pl=1;
p2=0;
% Yron mexzy HOpMasbl M BXOASAWUM JIyYOM
alfa=acos((pl*nl+p2*n2)/sqrt((pl*pl+p2*p2)*(nl*nl+n2*n2)));
% KoappuumeHT npenomneHus ny4va npu nepexode U3 BO3AYWHON cpenpl B
BOAHYW AN BbIOpaHHOro sy4a cnekTpa
N=n_array(j);
% Yron mexzy HOpMasibld M MpesioM/IEHHBIM J1y4OM
betta=asin(sin(alfa)/N);
% TMpoeKkuun HanpaBfAWWEro BeKTOpa MpPesIOMIEHHOrO Jy4a
g2=(2*sqrt(nl*nl+n2*n2)*cos(betta)-
sqrt(4*(n1*nl+n2*n2)*cos(betta)*cos(betta)+(-4-
4*n1*nl)*((n1l*nl+n2*n2)*cos(betta)*cos(betta)-
nl*nl)))/(242*nl*nl);
gl=(sqrt(nl*nl+n2*n2)*(-cos(betta))-q2*n2)/nl;
% KoaddpuumeHTb obwero ypaBHeHMA MpAMON, COOTBETCTBYHIEN
NpesioM/IEHHOMY Ny4y
A=1+(q2*q2)/(ql*ql);
B=(-2*x0*q2*q2)/(ql*ql)+2*q2*y0/ql;
C=x0*x0*q2*q2/(ql*ql)+(-x0*2*q2*y0)/ql+y@*y0-r*r;
% KoopauMHaTbl TOYKM MepeceyvyeHWUss MPesIOMIEHHOro Jyda C Kannewn
x1=(-B+sqrt(B*B-4*A*C))/(2*A);
if abs(x1-x0)<0.01

x1=(-B-sqrt(B*B-4*A*C))/(2*A);
end;
yl=(x1-x0)*q2/ql+y0;
% MMocTpoeHMe MpesioMIEHHOr0 Jiyda BHYTpWU Kanau
plot([x0,x1],[y0,yl],color_array(:,j), 'LineWidth',2);
% lpoekuuMn BeKTOopa HOpMasiM K OKPYXHOCTU B TOYKe ee nepecevdeHusa C

npesioMneHHbIM J1yHOM
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n3=sign(yl)*x1/sqrt(r*r-x1*x1);
n4=1;
% Yron nageHus npenomnieHHoro nyda (yrosa mexay npenoMaeHHbM y4oMm
M HOpMasbl K Kanje B TOYKe MepBOro OTPaxeHua)
gamma=acos((ql1*n3+qg2*n4)/(sqrt(gql*ql+q2*g2)*sqrt(n3*n3+n4*nd)));
% MpoekuuMn HanpaBfAWWEro BeKTOpa OTPaXeHHOro Jjy4a
m2=(2*sqrt(n3*n3+n4*n4)*(cos(gamma)) -
sqrt(4*(n3*n3+n4*nd)*cos(gamma)*cos(gamma)+(-4-
4*n3*n3)*((n3*n3+n4*nd)*cos(gamma)*cos(gamma) -
n3*n3)))/(2+2*n3*n3);
ml=(sqrt(n3*n3+n4*n4)*(cos(gamma))-n4*m2)/n3;
% KoadpduumeHTbl KBaApaTHOro ypaBHeHWUs ANS onpepeneHna abcumccel
TOYKU MepeceyeHna OTPAXEHHOro Ny4Ya C OKPYXHOCTbI
Al=1+m2*m2/(m1*ml);
Bl=(-2*x1*m2*m2)/(m1*ml)+2*m2*yl/ml;
Cl=x1*x1*m2*m2/(m1*ml)+(-x1*2*m2*yl)/ml+yl*yl-r*r;
% KoopauMHaTbl TOYKM MepeceyvyeHUss OTPAXEHHOrO Jlyda C OKPYXHOCTbH
x2=(-Bl+sqrt(B1*B1-4*A1*C1))/(2*Al);
if abs(x2-x1)<0.01

x2=(-B1l-sqrt(B1*B1-4*A1*C1))/(2*Al);
end;
y2=(x2-x1)*m2/ml+yl;
% MocTpoeHMe OTpaXeHHOro Jiyda BHYTpM Kanau
plot([x2,x1],[y2,yl],color_array(:,j), 'LineWidth',2);
% MpoekunMn BekTOopa HOpManuM K OKPYXHOCTU B TOYKE BTOPOro
OTpaxeHna ny4a
n5=sign(y2)*x2/sqrt(r*r-x2*x2);
n6=1;
% Yron nafgeHus OTpPaXeHHOro Jiyda Ha rpaHuuy Kanau

alfal=acos((m1*n5+m2*n6)/(sqrt((m1*ml+m2*m2)*(n5*n5+n6*n6))));
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if x2>0

alfal=pi-alfal;
end;
% TMpoeKkuun HanpaBfAWWEro BeKTOpa Jiyda Mocjie BTOPOro OTpaxeHusd
f2=(2*sqrt(n5*n5+n6*n6)*(cos(alfal))-
sgqrt(4*(n5*n5+n6*n6)*cos(alfal)*cos(alfal)+(-4-
4*n5*n5)*((n5*n5+n6*n6)*cos(alfal)*cos(alfal)-
n5*n5)))/(242*n5*n5);
fl1=(sqrt(n5*n5+n6*n6)*(cos(alfal))-f2*n6)/n5;
% KosadpduumeHTb KBaApaTHOro ypaBHeHWUs ANSA onpepeneHna abcumccel
TOYKM MepeceyeHUs OTPAXEHHOro Ny4ya C OKPYXHOCTbH
A2=1+F2*%f2/ (f1*f1);
B2=(-2*x2*F2*F2) / (F1*¥f1)+2*F2*y2/f1;
C2=Xx2*X2*¥F2*¥f2/ (F1*F1)+(-x2*2*f2*y2) /fl+y2*y2-r*r;
% KoopauMHaTbl TOYKM MepeceyvyeHUss OTPAXEHHOrO Jlyda C OKPYXHOCTbH
x3=(-B2-sqrt(B2*B2-4*A2*C2))/(2*A2);
if abs(x3-x2)<0.01

x3=(-B2+sqrt(B2*B2-4*A2*C2))/(2*A2);
end;
y3=(x3-x2)*f2/fl+y2;
% MocTpoeHMe OTpaXeHHOro Jiyda BHYTpM Kanau
plot([x3,x2],[y3,y2],color_array(:,j), 'LineWidth',2);
% MpoekuuMn BeKTOpa HOpMasM K OKPYXHOCTM B TOYKe BbIXOAA M3 Kanau
OTPaXeHHOro ny4a
n7=sign(y3)*x3/sqrt(r*r-x3*x3);
n8=1;
% Yron nageHus OTpPaXeHHOro sy4va Ha rpaHuuy Kanau
alfa2=acos((f1*n7+f2*n8)/(sqrt((f1*f1+f2*f2)*(n7*n7+n8*n8))));
% Yron mexgy HOpManbild K OKPYXHOCTU B TOYKe BbIXOA4a M3 Kanau sy4a

n npenomseHHbiM J1y4oM.
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betta2=asin(N*sin(alfa2));
if a<@ & y3*x3>0 | a>0 & x3*y3<0
betta2=pi-betta2;
end;
% MpoeKkuun HanpaBfAwWero BeKTOpa BbLIXOAAWEro M3 Kanau nyda
t2=(2*sqrt(n7*n7+n8*n8)*cos(betta2) -
sqrt(4*(n7*n7+n8*n8)*cos(betta2)*cos(betta2)+(-4-
4*n7*n7)*((n7*n7+n8*n8) *cos(betta2)*cos(betta2)-
n7*n7)))/(242*n7*n7);
tl1=(sqrt(n7*n7+n8*n8)*(cos(betta2))-t2*n8)/n7;
% MocTpoeHMe BbIXOAAWEro M3 Kanau Ny4a
ift2/t1>0 &a<0 | a>0 &t2/t1<0
plot([-2*r,x3],[(-2*r-
x3)*t2/t1l+y3,y3],color_array(:,j), 'LineWidth',2);
else
plot([2*r,x3],[(2*r-
x3)*t2/ti1+y3,y3],color_array(:,j), 'LineWidth',2);

end;

% 3anucb B MacCuB yrina mexay BXogAumMm B KanJjiw U BbIXO4AWMM U3 Hee

Ny4amn pgna Kaxaoro syv4a BUAMMOro CnekTpa
if atan(t2/tl1)<0
alphares(j)=(pi+atan(t2/tl1))*180/pi;
else

alphares(j)=atan(t2/t1)*180/pi;

end;

end;

Alphares %BbiBog pe3ynbTaTa (yrjbl Mexay BXOAAWMM U NpPenomMSieHHbIMM

Nly4amm )
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3akJ/rouenue

B pabore mpoBeneHO MOAEIMPOBAHME MPSIMOW U TEPEBEPHYTOW paayru Npu
OPOXOXACHUM JIyda cBeTa uepe3 cdepuueckyro Karo. PaccMoTpeH MexaHusm
oOpa3oBaHMsI paayTy ¢ TOUYKH 3pEHUs] MaTeMaTHKU. Mcronp30BaHHbIE B pa0OTE OCHOBBI
aHAJIUTHYECKOW reoMeTpuu (YpaBHEHHsI NPSIMOM Ha IJIOCKOCTH, B YaCTHOCTH OOIIee
ypaBHEHUE TPSAMOM, YpaBHEHHME MpsIMOW B KAaHOHMYECKOM BUAE U Jp.),
MaTEMaTUYECKOTO aHaJIn3a (3HaHMS O MIPOU3BOJHON (PYHKIINH, ypaBHEHHUE KacaTeJIbHOU
K rpa@uKy QYHKIHHM B TOYKE) M anreOpbl (METOIbI PEIICHHS YPaBHEHHUU U CHUCTEM)
[IO3BOJIMJIM [TIOCTPOUTH KAPTUHY MIPOXOKIACHUS JTyuel CBETA.

[IpoBeneHo ucciaeaoBaHUE XOJa JIydeld BHUIMMOIO CIEKTpa Mpu OAHOM (KU ABYX
OTPAXEHUSAXBHYTPH KaIlJId U JBYKPATHOM IPEIIOMJIEHUH B 3aBUCUMOCTHU OT TOJIOKECHUS
VCTOYHHKA CBETA.

Jlano oOBsicHeHrEe HaOII0JAaeMbIX B PUPOJIE YIJIOB HAKJIOHA MPSAMOI U 00OpaTHOM
pagyru.

Pa3paborana nporpamma B cpene Matlab, Busyamusupyroomas Xoj JIydei
BUJIMMOT'O CIIEKTPa MPH Pa3IMYHBIX MOJIOKEHUAX BXOISAIIErO CBETOBOIO JIyyYa.

B xope uccnenoBarenbckoil paboThl Mbl PEIIMIIN IOCTABICHHBIE 3a4a4H.

JanbHeiliee pa3zButHe pabOThI MOXET OBITh CBS3aHO C MCCIEIOBAHUEM
MHTEHCUBHOCTU CBETOBBIX JIydeld MpU NPEIOMICHUHM U MHOTOKPATHBIX OTPAXKEHUSX
BHYTPH Karellb KXKUAKOCTU. Takke BO3MOXKHO IOCTPOEHHE O0Jiee CI0KHOM TpeXMepHOit
MOJENN XOJa JIy4eH, ITO3BOJSIOLIEH IPOAEMOHCTPUPOBATh IEJIOCTHYIO KAapTHHY

SIBJICHUS PafyTH.
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