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B nepsoif yacty paboThl NPpUBOAITCS HEKOTOphIE CBEACHHI, HEOOXOMHMEBIE LIS
3a/1a4 BTOPOii 9acTH.

B namsueiiieM mpaMeHuMSBI ciaeayromue odosnaueHut: N, Z, Q, R, C-mHOxecTBa
COOTBETCTBCHHO  HATYPalbHBIX, LEIBIX, pAlMOHANBHBIX, JACHCTBUTEIBHBIX U
KOMIUTEKCHBIX YTICEIL.

JUit  peficTBuTenbHO3Ha4YHBIX — QYHKIME  JEHCTBUTENBHOTO  HEPEMEHHOIO
CTIpaBeInBa

Teopema Jlarpamka: Ecam ¢ysxumsa f(x)onpefencHa W HENpephiBHA Ha
npoMexxyTke [a,b] u nMeeT KoHeUHY0 IPOM3BOJHYI0 HA MHTEpBAle (a,b) , TO
f®) - j(a)

b—a

Dopwmysta Jlarparka BechMa MOJNE3HA, HAIPAMED, i BHIBOJA HEPABEHCTB.
Hpmmep 1. Jloxazars:

3 Touka ¢ € (a,b) Takag, uro f (¢)= ,a<c<b.

sinx-siny| £ [x-y,x,y €R
ITo Teopeme Jlarpamxa:
sin X - sin y = (cos ¢) *(x -y)
TTockomsky V ¢ € (X, y) |cos ¢| S 1, mmeem:
|sin x —sin y| < |x-y}

JU11 KOMIUIEKCHO3HAYHKIX (pYHKUMI Teopema Jlarpamka HEBEpHa, UTO JOKA3HIBACT
CHEXYIOIIMI MpUMED:

[pumep 2. Oyaxima © (t)=e” nuddepermmpyema Ha orpeske [0,27], o (t)= ie”,
[0 )1, mpu Beex te[0, 27]; o (27)=0 (0)=1. Takum o6pazom, paBeHCTBO O (27 )-
o= o '(c)x 27 mHeposMokHO. O600meHmeM TeopeMbl Jlarpawxa sBISeTCH
cleyromas:

Teopema Teitnopa: Ecmu dyaxuus f(x) onpeaeneHa Ha IPOMEKYTKE
(x°-H, xo+H), (H>0) i MMeeT Ha 5TOM IMPOMEXYTKE HEIPEPhIBHbIE NPOM3BOAHBIE f (X),

£ (x),....f""(x),r0 Vx € (x°-H, xo+H)
n k)
Feo =3 /o) (xe x0)* + Ro ), rae
k=0 -

(n+ly ¢
R, () :J—E+—l(;)(x- x0)™, ¢= x0+8 (x- x9), (0<F<1) — ocTarounntii uien & Popme
n !

Jlarpamxa.

Ora teopema obpamiaercs B TeopeMy Jlarparka (c 6oiee CTPOTHM YCAOBHEM), TIPH
n=0.

Jlns ganpcHEHIIEro H3A0KCHHSA IOHAAO00HTCS HEKOTOPBIE CBEACHHMA H3 TECOPUH
YHCIOBBIX U (YHKIMOHATHHBIX PAIOB.

PSI}I ZZ,‘ Ha3bIBACTCA CXOMAIMMCA, €CIH CXOOUTCH IOCICIOBATCIBHOCTD €TI0
=

»
HACTHUHEBIX CyMM S =" 7, .
k=1



[image: image2.png]Ipu sTom nipeaen S nociaeIoBaTeNbHOCTH {S, } HA3BIBAETCA CYMMOIT psaja:

=37,
k=1

JIL TOTO YTOOBI PSIT Z,, Zk=xkr+ 1y*, CXOAWICH, HEOOXOAUMO H AOCTATOHHO,
k
k=t

o

ITOGBI CXOIHINCEH PG ixk " iyk , IPH 9TOM izk =3 +f:y,‘ .
k=1 k=1 k=1 k=1

k=1
TIpumep 3.
Paccmotpum psn iZ" ,2eC,Z# 1(0)

n=0

Hmeem:
Sn=1+Z+2°+2°+. 42"
ZSn=Z+Z +7°+7" . 47"
S »(1-2)=1-2"
sn=122"
Tlockonpky o

n in
1) 0, r<1 (becKOHECYHO MAIOE I  YMHOXKACTCA Ha OTPaHHICHHOE € )

2) @, 1 (" e =r" > +0)
3) He cymecTByer, =1
rolims =tim 122 =1 1 jimz7= 1 ecmmpzi<l.
nre " nse |_Z  1-Z 1-Z e 1-z
Taxum 00pa3zoM, JOKa3aHO YTO, Kak M B CIyuae ACHCTBHUTC/IBHOTO MIEPEMEHHOrO,
CyMMa GECKOHETHOr0 YUCIa CIaraeMbIX TeOMETPHIECKOM NPOrpeccyil CYLIeCTBYeT JHIb

pH 3HaMeHaree nporpeccuu 7, |Z<1, u S=i.

Crencreue. a +ag +ag? +...+ag" +... =a%, lgl<l,geC.
-8

Tpumep 4. Viccnenyem Ha cXOUMOCTD P
+ ! +..t +
1.2 2.3 n(n+1)

Hmeem:
s=tig,=ls L2g-2y 13
2 2 2.3 3 3 3.4 4

S =% (MeToa MaT. UHTYKI(IH)
n

n

lim§, =s, =" =1
n—»® n+1

CrenoBaTenbHO, P CXOIUTCH, U €r0 cyMMa paBsHa 1.



[image: image3.png]Hpumep 5. 1-1+1 -1+ . +-D)""+ ..
Tlockonbky S, = 1) 0, n — ueTHoe

2) 1, n — HeueTHOE,
To lim S, He cymecTByeT.
n3w®

TIpnmep 6.
Sit=i 1A H AL H
n=1

Jins poka3aTenbCTBAa TIPAMEHUM CIEAYIONMYIO TEopeMy (HeoOXoMuMOe YCIoBie
CXOJIMMOCTH psifa)

Ecmu pan Q. Z, CXOIUTCA, TO }'i_f){lzn =0,

n=1

Hockonbky Z»=1" He cTpeMHTCs K HYO, (Z, [=1,70 pan pacxomnures.

Ilpumep 7.
l+l+l+,,,+l+,,,
no2r 3 nl

1
J1s moka3aTeIbeTBa CXOANMOCTH PACCMOTPIM FEOMETPUYECKYIO IIPOTPECCHIO o

Hauumag ¢ n=4 n!>2" . 3aJaHHbli psax orpaHudeH cBepxy OeckOHeUHO yObBatomeit
TEOMCTPHIECKOM MPoTpeccHel, CeIOBaTEbHO, OH CXOTATCA.

IMpyu3Hax cpaBHEHHS PSIOB.
Ecnm a,20, b,20, YneN u b, 2 a,, Hauunas ¢ HEKOTOPOro HOMEpa, TO W3

CXOIMMOCTH pAfa Db, CIeNyeT CXOMUMOCTh pAa Zaﬂ, a M3 PacXOJAMMOCTH psa

n=t n=1

> a, cremyeT pacXOXHMOCTB psja Y. b,

n=l n=l

[Tpmsnax [amamOepa crpaBe/UMB IA PAJOB, COAEPKAMMX IIOTOKHTEIbLHBIC
YIIEHbL:

Ecxau pag takos, 4To cymmecTsyeT (kOHe4HEBIH WK GecKkoHedHbIH) npeaen

. a.n
1=lim
nso g ’
Toipu 1 > 1 w1 = < psix pacxomures, a mpu 1 < 1 — cxogures.
Kpurepuii Koy cripaBeyine Kak np# AeHCTBUTENBHBIX, TaK H TIPA KOMIDTEKCHBIX
3HAUCHHAX WICHOB PSI0B.

Pag Z Z, CXOOUTCA TOTJIA M TOILKO TOTIA, KOraa s moboro € > 0 cymecrsyer
k=1

Tako# Homep N, 9ro /1t Beex n> Ny m 2 n > N BBUIONHACTCSA HEPABEHCTBO:
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k=1 k=1

AGCOMOTHO CXOIAMUNCS PAN CXOMUTCH, HO 00paTHOE HEBEPHO.

Teopema Komn. Ecnu psinpt Z a, u Y.b, cXonsrcs aGCOMOTHO M MMEIOT CYMMB

n=1

© k
A ¥ B COOTBETCTBEHHO, TO PN Z[Za . n+lj TAKoKe CXOJUTCA W €ro CyMMa paBHa
k=1 \ n=1

A-B.

TTyers y = f(x), x € R. Beeaém cneayioume 0603HaueHms:
fx= %( F&+ X)), F= %( f(X) - f(-X)) — COOTBETCTBEHHO TETHAL H

HCYCTHAA 9acTH (I)yHKII[/II/I

Jlemma.  JIroGas dyuxkmms y = fF(X), x € R enmuscrBennsiM o0pazoM
MPEACTaBASETCA CYMMOM JE€THOH U HEUETHOHN JacTel QYHKIHH:

FE)=1@+ X
e +e e’ —e

Tlycte y = €, Toraa (e*’)+ == chx(wernas sacts e*), (e’)*=T=

—x ~-x

=shx(seueTnas yacts € ). OTMETHM, YTO .
¢ = ghx + chx.
= chx, (chx) = shx.
B panbHeiimem Oyaer nokazasa TecHas CBa3b runepOonuueckux (yHkumii ¢
TPUTOHOMETPHICCKIMU.

Tprvennm k Qyskuan y = ¢ Gopmyay Tefiopa nopsaakan ¢ HEHTPOM B TOYKE &

=0
x x x2 x3 eC
e =1+ 1' 5 +?+ +—, x", c=a (0<g<l).
e‘x"
Hycts n— ©, Torma |R,|= A S 70
o xn
Taxum 0Gpazom, fokazana Gopmyna e* = 2

3ameuaHue: Z =
n»=0 [

COBepIJ.ICHHO AHAJIOTHYHO JOKa3bIBaCTCA:
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SinX=X — o+ _+ n=t—— ad
3 DT oyt
2 2n

cosx-l—? +(1) (2 )|

3

X x2n—]
h +r ot
SAXTXTg) 2n -1y
2 2n
=145 4+ +
chx=1 3 @n)!

Bce Boine paccMmorpensie psausl (ipu x€C) cxonsrca BO BCeH KOMILIEKCHOH
INOCKOCTH (CnenyeT U3 abCOMOTHOM CXOAUMOCTH).

BeefnieHHBIC cTeNEHHbBIE Ppsitbt ciaykar i npogomkennsd B C m3 R dynxrmii e,
cosz, sinz shz chz.

PaccmoTpuM HEXOTOpbIE CBOMCTBA NMOKa3aTenbHON (yHKkuuu € B C.

@

n
Z 2 4 k n—k P 7
i} z z © +z 2
a  Ln_y L N E2 Z z ok nk | (zl 2) —oatn
et et = " > ; Z iy Z 'ZC Rl e A
PRI C Rl (n-k) =0 \ 1 k=0 n=0i n
Jlemma
2z +2 2 Z.
el Q:el.ezjznzzec' .
PaccMOTpHM dyHKIIHO €
; 2 ir? 4 .5 6 7 8 .9 10
e'z=1+li_i__ .z ez Bz i Z

+ +
1t 2! 3 41 St 6! 7! 8 o 10!

ZZ 24 26 ZS ZIO z Z3 ZS Z7 Z‘)
Sl ——+ |t =]
20 4 6 8 10 r o3 5 7 9

BoipaskeHue B ckoOkax npeacraBnser co0oit paznoxenue (pyHKLui cOsZ U Sinz.
Hrax

=c0s Z +sin z M.
AHAJIOTHYHO JOKA3bIBAETCA, UTO € = COS Z - §in Z.

O1ctoaa ¢ yuetrom (1) nosmyaaem dopmyny Ditnepa:
_ei‘: iz . eiz _e—iz
cos 2= , §in z= - 2).
2 2i

3ameganve. M3 (2) monyuaem cosz=(e” )", sinz=

Tlpumep 8. Penmate ypapHeHwUs:



[image: image6.png])sinz= g z € C. I'lo dopmyne Diinepa:
\/5 _ eiz ﬂe—iz -
2 2i

272 \/‘ 2i etz 1=
iz
Pemas KBAJPaTHOC YPAaBHCHUC OTHOCUTEIILHO e, MOJXYTHM!

( iz ‘/_ [j ( iz \/5 VEJ_
e¥ ———i—— ——+—|=0

2 2 2 2

Zk=%+2;zk,k€Z

Zi= -57”+2nn nez

)ysinz=2,z€C
e” —e®
2i
e —4ie” -1=0,
Otkyza mony4aem 1o asanoru ¢ 1):

7
ehr= e o) e (243

2=

2
e—y =2+ \/5 .
Jlorapudmupys nocie/iHee paBEHCTBO, UMEEM:
y=-In (2 43 )

()= [ +z”kj ~i i) ke C,
Htgz=1

sinz _ 1

coSz
e” —e

. —~=1
l'ie'z +e"zi

e"(1-1)=e™{+1)

—iz

zk=%+ﬂk,kec (cos z, # 0).

. 2 z
TTockonmbky GYHKITIS €~ TOTydaeTcd U3 € MOROPOTOM Iockoct C: Ha yrod 5

B NOJOXXHUTCIABHOM HAMNPABJICHUU, CTAHOBUTCA OHECBUAHLIM TOXKACCTBO (I)yHKuHﬁZ
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cosz u chz, sinz 1 € TOYHOCTEIO [0 IOBOPOTA.

1
310 00BACHAET TOT (aKT, 4TO (HOPMYIIBI, CIIPABEITHBEIE U TPUTOHOMETPIICCKHX
tynxmmii (¢ HeOONBIIIMA U3MCHEHHSAMH), CIIPABEATABH 71 rUNepOOIMIECKHX.

Hamprmep:
sin’zt +cos’z1 =1

(S}.IZJH + (chz) =1
i

ch’z-sh’z=1.
Taxoke MOXKHO J0Ka3arh, YTO:
sh2z=2sh z-ch z

ch2z=sh’z+ch’z

sh? +sh% = 2shZ‘+TZ" chﬁ%"i HT.O

Lo runepbonyaeckux GyHKITH crpaBenmea hopmyna Myaspa:
(chz % shz)” = ch(nz) * sh(nz).

Creayer OTMETHTE, YTO

. 2 :

1) @ynxius ¢ - IepHOIMYHA ¢ TIeprogoM 27 i: ¢ = ¢

2) Oynxums ¢ muddepenmapyema Bo Beei INIOCKOCTH: (ez) =e”,

3) Jing ;ro6oro koMImieKCHoro Z = X + iy IMEIOT MECTO PaBeHCTBA:

’ezi =e",Arge’ =y+2zk ke C.
4) Oynkups € NPUHAMAET BCE KOMIUIEKCHBIE 3HAYECHMS, KPOME HYIA, T.C.
ypaBHenme ¢ = A paspemmumo AT MoGoro KOMITIEKCHOTO wrcia A # 0,

TIprmep 9.
e’ =1

e e e _e”

JIBa KOMIUICKCHBIX YHCIA PABHBI, €CJIH PABHEL MX MOAYIIH, T.€.
e*=1x=0.

W apryMeHTHI oTIMuaioTes Ha 2 7k, T.€.

Y=x+2zk keZ

Cnenoparenbuo: 7, = (z +27xk)i, k € Z.

TTockonbky mns ¢yHkopii kKoMIUiekcHoro nepemennoro f(x) £: C.—~> C,, to B

kavecTBe rpaduueckoit uamocrpauuu GyHKumi npumensercd orodpaxeHue obaacrei, a
He rpaduxy, kak npu £ R —> R.

|[m-"'!<7r_

Ipumep 10. Haitnem, Ha aro otoGpakaer hyukmas W =€~ moiocy
PaccMOTpuM BCe BO3MOXKHBIC HHTEPBabI



[image: image8.png]x=const, -z <y<xz.
Torna:
Wixo+iy)=¢™ -€”, _z <y<z.
BunuM, aro o0pasoM TaKOTO HHTEpPBAJA SBISETCS OKPYKHOCTH pamMyca e” ¢
BBIKOIIOTOM TOUKON Z = —e™ .
Tlockonbky x, € (- ooike0) , TO 00pas yKa3aHHO! MOJOCHl — BCA KOMILIEKCHAs
IUIOCKOCTE ¢ BEIGPOMICHHBIM Ty9oM (- ;0] (¢ paspesom 1o ayay {-e;0]).

Crenctiue 1. O6pas nonocst 2zk - » <lmz<2zk+ r,z€ C,k € Z mpu

oToGpaxennrd W =e” ecThb BCA KOMILIEKCHAA ILTOCKOcTs C* ¢ paspe3oM 110 Tydy S °°¥0].
Hpimvep 11, TlocTporM HOBEPXHOCTH, Ha KOTOPYO dysxinmo W =e* otobpaxaer

C, BzauMoOAHO3HAYHO. [ 3TOro paccMOTpuUM OECKOHETHO MHOIO 3IK3EMILLIPOB

wrockocTr C, | paspeskeM MX BJIOJNb OTpHLATeNbHOM yacT AclictBurenbHOH ocu. Touku

BepxHero Gepera paspesa tuiockocreit ..., (C )=, (C,)o, (C,)1, ... oboznaumm ...,
M), MY, M), L., saoxdero - ..., M), (M 7)o, M7,
Croene touk (M ) u (M*)», n = 0, =1, £2, .., nomydum TpeGyemyo

TIOBEPXHOCTD L.

TMockoneky orobpaxenne W =¢ wmexay C: W L BIaMMHOOIHO3HAYHBI, TO
o6parHoe B3aUMHO OHO3HAYHOE 0TOOpaKEHKE CYIIeCTRYeT H o0o3HadaeTcs Z=Ln W.

Hpumep 12. Tlycte W = Ln z . TpeGyercs onpeaeauTs, B KAKOe MHOXKECTBO TOUCK
{W, } nepexoaut Touka z *0.

Hokaxem, aro W+=ln|z{ + iArg z + 2z ki, k € Z.
JlelicTBUTEIBHO, PABEHCTBO

eWk - ehl}z]+iargz+2nki _ iargz _

|z]e z
€ Y9€TOM B3aMMHOM OHO3HAYHOCTH OTOOP@KCHMI NOKA3BIBACT 3TO.
3amedanue: Ln z B Touke z = 0 HEONPECIEH.
pymep 13.
CupaBeumBo creayromye npasuno quddepentmpoBanus o0paTHoi dyaximu:
TIycrs f (X) — dymrkims rogomopdHas u ogHomicTHad B obiactd D u nycrs E —
MHOKeCTBO Beex Todek W = f (x) mnockoctu C ,, COOTBETCTBYIOIIMX ToUKaM o6lact D,
torna E ~ ecrp o6nacts u ¢yukius z = F(w) (obparsas x ¢ysxmm W = f ()
1
r'e
T.0. dpyuxims ¢(z) = Injz| + iArg z, -2z < Argz < o, a € R (BeTBp

rosoMopdHa B o6nacti E u mmeer MecTo dopmyna F (w) =

gorapuma) perynspua B obmacta C+\ Lo, rre Lo = {W:-0<Re W <0, lm W=0} u

z

z)= = L ¥ ze o Lo,
)

ITpumep 14.
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OmnpenenuM Teneps BETHIHHY a’ ,a, b e C, xak 3HaucHHE ¢y W=2Z B

bl
TOUKE Z = @ HpH HpOJO/DKEHHH GyHkumu W = ¢” % =7 < Arg < 7. (aHaAHTHYECKOrO

- x Inx
nponomkenns Gynkumit ¥ =€ ¢ yureprana 0 < x < +» g obnacth C:\ L) o TOUKM

- - __ blna
7=1 [0 TOYKH 7=a BCEBO3MOXXHBIMH ciiocobamu B 1uiockocty C:, Ipu 3ToM W(a)= e .

a
CrenenHas (l)yHKI_II/I}I W=2z OQHO3ZHAYHA TOIBKO IIPH HEIBIX 3HAYCHUAX 4. Ecmm
m

_m N
a=— - HecokparuMas ApoOb, To c.. W = z” n-3gauna. B ocTampHBIX choydasx
n

creneHHas QyHKIMsS GeCKOHCIHO3HAYHA.
Ecnm a — p#eMcTBUTENBHOE HWHCIO, TO BCE 3HAUCHHA CTEMEHHOW (YHKIHH
naxozsres no popmyne z°=|z|* . e"¥
Tipumep 15.
PaccMoTpuM pUMaHOBY IOBEPXHOCTH (yHKImH W = z°.
1. Ecnm a Takoro, 9o z¢ - OcCKOHEUHO3HAaUYHa9Has (QYHKIE, TO ¢€ pHEMaHOBa
TIOBEPXHOCTH OyJeT Tako# xe, Kak 1 pIMaHoBa NOBEPXHOCTD JoTapudma.
2. Ecnu a takoro, 4To z* - n-3HayHas (PYHKIMA TO 6€ PHMAHOBA [IOBEPXHOCTH
CTPOUTCS CIICAYIOIIIM 00pazoM:

Bepyres n axzeMmuiapos Do, ..., D! o6nact D(ILIOCKOCTH ¢ pa3pe3oM 1o
nyay (-e0]),
U 3arem cwieuBarotes Toakr M Yo m (M ), My u M)z, .. (M )= 1
M7)e.

Yacts 2.

1. O 2eomempuu pewienuii 00H020 6U0a anrzedpauieckux ypasHeHuil.

Pemenmye ypasrerms z° =b, rne a, b € C.

PaccmoTpum cHavana cixygai b=1.

1) [Iycte a € N. J[7a pelueHns ypaBHeHHA Hcmons3yeM gopmyany Myaspa. I1ycTs,

2

HanpuMep, n=4. YpaBHeHue z  =-| B JeHCTBUTENbHON 06ACTH PElICHHH, OYCBHIHO, He
umeer. Ilycts z = re’ ,0< ¢ <27 Tonyuaem

phedi _ o

r=1,4=7% +£2’€, ek =0,1,23.

IomywaeM ciexyronpe KOpHU:

()
4 2
Z, =e ,Tnek=10,1,23.

Z,=¢* =g(l+i),k=0.
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n
Ampanoryaso B o0imeM ciyuae z =-1,

(x5
Z, =e,(" ”),mek=0, 1,2, ... (o).

3amMeTM, UTO KOPHM Z, IeKAT B BEPUIMHAX NPABMILHOTO N-YTONbHYKa,
BITACAHHOTO B €IAHUIHYIO OKPY/KHOCTb.
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a’ =e"™ Torna
i Ly laweimgonezany  Yiws2sy  ZeZw
Zi=(1) *=e* =e* =e* =e' 2 rek=0,1,2,3.
Ecima <€ Z, 10
Z7'=-1 & Z"=1, u nojxy4aeM IpeabIIyINEe YPABHEHHE.

2)a e Q,1.e. a= £ —Hecokparumas apobs, p € N,ge Z, g # 0.
g

., o 5
PaccmoTpuM yacTHBIH ciydaii: a = 3 Toraa nomydaeM

7= (_ 1)% =e%Ln(-]) .

Sitweamt) 2, O

Zi=e’ =e’ -e° raek=0,1,2,3,4.
TokakeM, YTO Bce KOPHH Pa3IrIHEL

Z =7
Tlycts ki k2 , TOrAa

%(7:+27zk2)= %(ﬂ'+27tk1)+27m

-3—27rk2 =§271'k1 +2m
5 5

3

g(kz -k1)=n

Uero OBITh HE MOKET, T.K. -4< k, —k <4,an € Z.
B o6mem ciayuae monyyaem

& (zr2ak
Z,=e i ), roe k=0,1,2,... (p-1), T.e. ypaBHEHUE HMeeT P Pa3IUIHBIX KOPHEH.
3)a € R.
PaccMOTpHM YaCTHBIH cryuait a = 2 .
A
Vi P

Z,=(-1)7 =e? ,rmek € Z.

Kak u B npeasiiymeM npuMepe, MOXHO AOKa3aTh, YTO BCE KOPHM Pa3siIHIHBL U
TeXAT Ha eAVHWIHON OKPYKHOCTH.

Hycrs 2, = Z, , Toraa

g(ﬂ+2ﬂ'kz)::/2—z(ﬂ’+2ﬂkl)+27m
g(kz —kl):n
\/—z 2n
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hppaiMoHaibHoe uymcno. CreloBaTeNbHO, pPaccMaTpUBAEMOE  YPaBHEHHE HMEET
OECKOHEYHOEC MHOMXCCTBO IIOTIAPHO Pa3jIMYHbBIX KOpHEH, Iekamyix Ha eJUHUIHOH
okpyxHocTu B C .

4)a € C.

PaccmoTpum a =i, Toraa

7' =1

Zk — (_ 1) i e {i(m+2ak)) — e:r+27dc’ KEZ.

Kopau ypaBHeHMS 00pa3syloT [OBE IIOCHENOBATEIBHOCTH TONOXHTENBHBIX YHCEI,
OITHA W3 KOTOPHIX CTPEMHUTHCS K HYJO, a Jpyras kK 6eckoHeuHOCTH. OTMETHM, 4TO B 3TOM
ClIyJae MHOXKECTBO KOPHEI — MHOXKECTBO HEOTPAHIICHHOE.

Ecoma=i+l, 1e. Z" =~1,T0

! - Ly m2at) ZQ+2k6)(1+4) Ze2k)  Z(e2ry
2 — 52 =2 ce? =

Z, =(-DH = (—1)7i =e =e

B e%(l+2k) e%i i —’25(1+2k) . "
B et e e 'l'(_l),mekEZ.

B sTOM cimydae KOpHH YMCTO MHUMEIE, OHH 00pa3yloT [Be HOCIEI0BATENbHOCTH,
OJIHA W3 KOTOPBIX CTPEMHUTCA K HYIIO, a Jpyras — K OeCKOHeYHOCTH. MHOXKECTRO KOpHEH
HE OTPaHUYEHO.

B o6mem xe cnydae nosygaeM cieayromee:

Zm+ia2 =_l’ a17a2 = R

1 ) 4 gi?’ i{m+27k) Lt +12a1 (m+27k)

Z, = (1) = (=1) jal’ —e —el® -
L (wv2ak) (et

_ ld’ q
=e ‘€ ,Taek € Z.

U3 3roit hopmynsl AeTacM CIeXYIOIHE BRIBOJIBI

1. MHOXECTBO KOPHEH OTpanideso (JIOKUT HA eAUHIYHON OKPY)KHOCTH) UG
Ipu a, =0, T.¢. a € Z.

2. KopHu BellecTBCHHH mpu

HE OrPaHUMECHHO.

=0 {a — yBCTO MHMMOE), MHOKECTBO KOpHEl

e -

g,

3. B o0mem ciyuae KopHu Z, =¢€ k € Z nexar Ha

CIHMpAIH, UX MOXHO IPCACTABUTh B BHIE NIBYX IOCHEIOBATENBHOCTEH, OJHA K3
KOTOPBIX CTPEMHTLCS K HYJIO, @ APyras K OECKOHEUHOCTH.

Tenepb paccMoTpuM O0LIH caydait:
Z%=h.
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B B (agbiank) o (oay infblra (argbi 27k))

[JEE I
a
=|b|la‘ _e\al .e ,kEZ.
B 06H.ICM ciay4ae MHOXKCCTBO PCUHICHME JISKUT Ha COUPAIH, 3TO MHOXKCCTBO HE
pam,

OTPAHWYCHHO. FeaH a, = 0(T.€. a — AelCTBUTENbHOE), TO KOPHH JIGXKAT HA OKPYKHOCTH

i(argb-t»l’ﬂk) —igl@

1
panuyca 'b“’x . Ecma xe a, =0 (T.e. @ — 9UCTO MHHMOE), T0 Z, =e” e re.
BCE KOPHH JIe)KaT Ha Ayde, MHOMKECTBO PEIICHHI HE OrPAHITICHHO.

Teopema. Ypasuenne Z° =0 e a, b € C uMeeT ciieTyronTye penIeHHS:

AN obidm) (o Il (rgbr26))

[
Z, = 5| el k€ Z
W3 sBBimecka3aHHOTO MOXKHO 3aMETHTh CIeEAyloliee cneactBue. MHOKECTBO
KopHeil ypapHeHns Z° =b, tnme a, b € C orpaHH4eHHO TOr[a M TONBKO TOTHE, KOTIA
ima=0.

Brison:
1. Ecin g,=0(1.e. a€R), TO KOpHM NeXKaT Ha OKPYXKHOCTH paguyca lb; c
meHTpoM B Todke Z =0.
;1-(axgb+2nk) —ih:,—lbl
2. Ecim 4 =0(T.€. & — YHCTO MHHMOE), TO KOpHH Z, =€ e 7 rmek

€ 7 nexar Ha Iy4e.
3. Ecm g,-a, #0, T0 xopHH Nexar Ha OSCKOHEUHOH CIMpPATH, OMH KOHEL]

KOTOPOH «pacKkpyduBaeTcs» K OSCKOHEYHOCTH, a JAPYTod «CKPYUHBAETCH» K
HYJIO.

2. [loxkazamenscmeo ocloenoll meopemul anzeopot.

Iycts P,(z)=a,z” +a,,z"" +..+a,z+a, — MHOTOWIeH crencHy n#0, He
umerompii HE ogHoro Hyna B C,, P,(2)#0 V Z € C,. bes orpanuueHnii MOXKHO
cuurars a, =1. BeeneM B paccmorpenue Qyukuuo ¢(z)=LnP (z)=In|P (z)|+iargz.
P(2)
F,(z)

D10 ofHO3HAYHAS AHATATHIHAS QYHKIWA (Ie]1as) MOCKOIBKY ¢ (z)= u Qysxms

#(z) paznaraercs B pax Teitnopa, cxoasmuiica B C .
C apyroii cTOpoHbl, LnP,(z)= Lnz" (1 + 8yt E%J =nlnz + Lng(z).
zZ z
Ecma z npoGeraet okpyxuocts C, gocratouno Gosbinoro panuyca R, 0< ¢ <2r,

BEJTMYHHA Lng(z) CONSPMUTCA B MATON OKPECTHOCTH Hy . Benmunna ske #ln R+ niargz



[image: image14.png]HoJy4aeT NpHpamieHue 27mi, YTO MNPOTHBOPEYUT ORHO3HA4HOCTH ¢(z). Teopema
JIOKa3aHa.

3.Teopema Pumana.
1) 3nakouepeayromyecs psIbL.
TIpu3Hax cxonmmocTy JIeHiOHMIIA Ui 3HAKOYEPEAVIOUIMX PIOB:
Ecnu B 3HaKo4epeaylonieMcs psiae (CoceHHE WISHDB! Pa3HBIX 3HAKOB) a0COMIOTHOE

3Ha4YCHUE |an € BO3PACTaHUEM 1 CTPEMHUTHCH MOHOTOHHO K HYyJIO (Tak 4ro |a,, [<la,l),

TO P .4, CXONWTHCA.

k=1

1 11
TIpumep: pax Jlelibuuna: %=1~§+7—7+...

5
JoKa3arebeTBo.

3anuiueM psag B TAKOM BUIE
by—b,+b,~b, +...,
IIe BCE YMCHA b, MONOKUTEILHBI, YJIOBJIETBOPSIOT YCIOBHIO b
CTPEMUTHLCS K HYJNIO. I pyNnupys 4ieHbl clieny oM AByMs cnocodamu:
b —(b,~b,)— (b, ~b)—... u (b, —b,)+ (b, - b))+ (b, - b)) +...,
MOXKHO 3aMETUTh, 9YTO YacTUIHBIE CYMMBI YIOBJECTBOPAIOT  CIACIYIOMIAM
coOTHomenwsM: S, > S8, >S;>..>8,,,>.., S,<S,<8<..<S,,<... C npyroit

(<b, m b,

n+]

CTOPOHBL, S, <S,,.<S; u §,,..>9,,>5,. CienoparenbHo, YaCTHUHBIE CYMMbI C

HEYECTHBIMY HHAEKCaMu 00pa3yl0T MOHOTOHHO YOBIBAIOIIYIO TIOCIEAOBATEIbHOCTE YHCEIL,
KOTOpbIE BCErJa OCTAOTCA Ooiblie ueMm S,; HOITOMY JTa HOCIEROBATEIbHOCTH
CIPEMHTBbCA K HekoTopoMy mnpeneny G. [TogoOHBIM ke 00pa3oM JacTHHHBIE CYMMEI C
YETHBIMU HHASKCAMU 00Pa3yIOT MOHOTOHHO BO3PACTAIONLYIO NOCIEA0BATESILHOCTD YUCEN,
KOTOpBIE, BO BCAKOM CIydae, MEHBHIC NMOCTOSHHOTO YHCHa S;; CICA0BATENBHO, 3Ta
HOCJIENOBaTeNbHOCTh A0MKHA MMeTh mpexen G'. Tak kak pasHOCTE S, —S,, =Dy
CTPEMUTRCA ¢ BO3pacTaHmem n k Hymo, To G = G'. Takum o6pasom, T¢ W Apyrie
YACTHYHBIE CYMMBI CTPEMATCA K OJTHOMY U TOMY e Tpeaeny, KoTopbrii o6oznauum S. Ho
9TO O3HA4YaeT, YTO TaKOH PAX CXOAWTCS U CyMMa ero pasua S. M3 HepaBeHCTB MOMKHO
clenars eIE OINWH BBIBOA: CYMMAa 3HAKOUEPENVIOMerocsi psajaa, CXoAguierocs mo
apu3Haxy JleiiGanna, 3aK1109eHa MexXay JHOGbIMHE ABYMSl COCeNHUMH YACTHYHLIMH
CYMMAMH, HallpEMep Mexay S, = b, u S,, Mexay S, 1 S,, Wik MEKIY S, B S,.,.

2) Pazmaue MexIy a0COMIOTHO M YCIIOBHO CXOSIIIMMICS PANTAMH.

PaccMOTpUM cxomsumiics psa . a, . OGO3HAYMM TIONIOYKUTENLHBIE WIEHB! JTOTO
k=1

paja 1O TOPAAKY 4Y€Pe3 Py, Py, Ps..., @ OTPHLATENBHBIE HEPE3 —gq, —¢,,~¢s,.. DCIH

n
COCTAaBUM N-K0 YaCTHHHYI) CyMMY A@HHOTO PSfa S, = ».4,, TO CPENM €€ CHAraeMbix
k=1

BCTPETUTCA HEKOTOPOC YHCIIO, CKAXEM n' , TIOJIOKUTCIIBHBIX B HEKOTOPOC YHCTIO, CKaXKEM

n'', OTPUIIATEIBHBIX WICHOB, HpudeM s =n+n". [IpH HEOrpAHUICHHOM BO3PACTAHUK N
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OeCKOHEYHO OOJBIIOE HUCIO KAK HOJOKHUTENBHBIX, TaK M OTPHUIATEIBHBIX YIEHOB.

#
Yactiduas cymma S,, OUEBMIHO, TPOCTO DPaBHA WUACTHYHON CyMMe 2.p, psia
k=1

[OJOKUTCIBHBIX  WIEHOB, CHOXEHHOH ¢ 4acTHYHOH CyMMOH —qu pana
OTPUIATENRHBIX WICHOB. Ecmu 3ajmaBHbll psag cXoguTes aGCoMOTHO, TO HEINPEMEHHO

CXOHUATCA M PAL IHOTMOKHUTCIIBHBIX “UICHOB Zp,, u pian a0COMOTHRIX BEAHYHH
k=1

0 L mn
OTPHILIATEHHBIX WICHOB Zq,,. B camMoM merie, YacTHYHBIE CYMMEL Z p, U Zq,,

k=1 k=l k=1
TIPEACTAaBIMOT HBC IOCIEIOBATCIBHOCTH HHCEN, MOHOTOHHO BO3PAcTalomiMe ¢ m U

©
OTpaHUIeHHBIE CBEPXY  UHCIOM Zlak {. CremoBarennHo, cymma abconomno
k=1

cx008we20c pAOa paeHa cymme paod, COCIABREHHO20 MOIbKO U3 €20 NONONCUMENbHBIX
YjeH08, U pAOd, COCMAGIEHHOZO MONLKO U3 €20 OMPUYAMEeNbHbIX UIeHO8, HHBIMH
CIIOBAMU. CYMMA MAKO20 pﬂOa paeHa pasHocmu cymm 08YX pSid08 ¢ NONONCUMENbHHIMU

ynenamuy. JleHCTBATENBHO, Zak = Z Py~ zqk C BO3PaCTAHHEM N HEOTPAHUYCHHO
k=1 k=1 k=t

BO3PACTAIOT Takke X' W #'') CIEHOBATENHHO, IPEeN JIEBOM YacTh JIOJDKEH PaBHATHCA

Pa3HOCTH MPEAENOB 00CHX CYMM ciipaBa. ECI ps COAEPHHUT TOJNBKO KOHEUHOE YHCIO

IEHOB OTIpeIeICHHOr0 3HaKa, TO MOJIOKEHHE COOTBETCTBYIOIIHM 00Pa30M YIIPOLIAETCS.
Ecmu xe namabii paa ve abcoMOTHO, a TOBKO YCIIOBHO cXo/isinuiics, To 00a pana

3 p. 1 Y g, HEOOX0IMMO JOMKHBL OBITH pacxomsuuMuca. B camoM Aene, ecnu Onl 06a

k=1 k=1

psiga OpUTA CXOOAUIMMUCHA, TO MAHHBM psax Obul Obl aOCOMOTHO CXONAIIHMCS, 4YTO

IPOTHBOPEYMT YyCcToBMKO, Ecnu OB TONBKO OJWH W3 DANOB, CK&KeM 3 p,, ObLI

k=1

pacxomMes, a opyroit ObiI OBl CXOAAMIMMCSH, TO, Kak cienyer H3 (opmydsl

S, Z Dy — qu, JaHHBl psag BooOme He Obul Obl cxonsupaMcst. JleficTBHTENBHO ¢
k=1 k=1

BO3PACTAHHEM N WHCIO #' M Y. p, HEOTPAHHYEHHO BO3DACTAIOT, B TO BPEMS KaK qu
k=1 k=1

CTPECMUTBCS K ONpPCNCICHHOMY TpefeNly, NO3TOMY YacTHIHAsd CcyMMa zak c
k=1

BO3pPACTaHUEM N JIOJDKHA HEOTPAHMYEHHO BO3PAcTaTh.

Hrak, Mpl BUAMM, 4YTO VCIOBHO CXOMMIIMIICA PN HENMb3S pPaccMarpuBarh Kak
PA3HOCTb JBYX CXOASLIMXCS PAAOB, OAMH U3 KOTOPLIX COCTOMT M3 HOJOKMTEIbHbIX
WICHOB JaHHOTO LA, & OpYroi — 13 a0COOTHBIX BEAWYUH €r0 OTPULATCIbHBIX YICHOB.
3) Teopema Pumasa.

Ilepecmanosrka uneHos abcomomHO CX00aueeocs pada He Hapyuwaem e2o
CXOOUMOCIU, U CYMMA Pada He USMEHAEMCS, COBCPUIEHHO MAK Jice, KaK U Y KOHEYHuIX
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YNEHOB, NPUOGMb CYMME pPIOQ  NPOUBOAbHBIE 3HAYEHUs U Oadre COenamb  pao
DACX0OSUUMCH.

llpumep:

IRLINRLUNE S S SR SR S

2 3 4 5 6 7 8
Jemnm o6e qacTy Ha 2 | 3aIMAChIBaeM HOMYYCHHBIH P/ TOA HCXOAHBIM TaK:

S ok tp =gl
2 4 6 8
CnoxuM 00a psga TOWICHHO, COCAMHAS BMECTH WICHBI, CTOSIIME IPYr non
gpyrom. B pesynnrare nogydaem:
i1 1.1 1.1 1 1 3
H+-——F—t+—-——+—+——=+.==In2.
32 5 7 4 911 6 2
C nmpyroil CTOPOHBI 3TOT P MOXKHO IHOIYYUTH M3 IIEPBOHAYANLHOIO MyTEM
MEepecTaHoBKM wWIeHOB. [loMy4aeM, YTO OT IIEPECTAHOBKU CYMMAa psAia YMHOMKHIACh

HA3/2.
JoxazarenscTso.

Ilycts pi» Pyse-- — HONOKHUTIEABHBIE WIEHBL, @ — ¢, — ,,... — OTPHIATEIbHBIC YICHBI
pana. Tak kak aGCOMIOTHAS BeAMUMHA | 4, | ¢ RO3PACTAHMEM N CTPEMUTHCH K HYIIIO, TO A

9HCha p, M ¢, € BO3PACTAHHEM N CTPeMATCA K Hymo. Pamer Y p, u D g, AOMIKHH
=1 =1

pacxonuThes (CM. Bhime). Hama 3amaua HaWiTH Takylo NEPECTaHOBKY AAHHOTO PaAja,
9T00B HOBBIY PsiZi MIMeJI MPOU3BONBHYIO CYMMY A.

Ilycrs A>0. BoimmnieM NIEPBRIC 5, HOROJCUMENbHBIX YICHOB Psina, BHIOpaB 7 Tak,

i

9T00BI Z pi>A,a Z Py < A. Tak Kax z 2, 0e3rpanMIHO BO3PACTAET BMECTH C 4, TO

BCErla MOXKHO CAeiars 9acTUIHY0 cymmy Gomsine A. Torsa gactwunas cymma Oyaer

orna4arscsa 0T A camoe Gombriee Ha P, . Tereps Ro0aBHM CTONBKO OMIPUHAMENbHBIX
my

my
YJIEHOB —qu, YT0 CymMMma i pk—qu Oyvoer kxak pa3 Mempme, deM A (u3
1 1 1

pPACXOAMMOCTH PAAa BBITEKAET, YTO 3TO BO3MOXHO). PasHOCTh Mexay A H CymMmoH
BBIMCAHHBIX JJIEMEHTOB He mpeBpnmacT ¢, . JoOaBuM Teneph Kak pas CTONBKO

CICAYIOMX HOROHCUMENbHBIX WICHOB Z Pr , TOrga yacTH4Has CyMMa CTaHET 60J'IBH.[C,

m+l

qeM A. PasHOCTE MEXIy A M 9aCTHIHOH CyMMOH HE TIPEBOCXOMMT p, . Teneph nobaBum

JOCTATOYHOC HHCIO OMpUuyamenbHeolx HICHOB - qu 5 YTOOBL cagiarh 4acTHYHYIO
-+l

CYyMMYy Kak pa3 MeHbiue, ueM A. DTOT MOpOoLEcC MOXKHO Oe3rpaHu4HO IPOJ0JDKATH.
3HavYCHHA YACTUYHBIX CyMM OyIyT KojeGarscs oKoio A, a Tmocie OONBINOro YHCa 1HaroB
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TIPU BO3PACTaHHH N, TO pa3Mep KoieGaHus Toxke OYAET CTpeMHUThCS K Hynwo. Teopema
AoKazaHa.

4.Hpumenenue meopemot Pumana ¢ C _.

Onpez(eneﬁne Ipeacna IIoCaCAOBATCIIBHOCTH  KOMIIICKCHBIX  HHCETT {Z n }

(opMansHO Takoe ke, KaK U ONpefle/ieHNe M0C/ie0BaTEeNbHOCTH ICHCTRUTEIBHBIX IHCE,

HO UMEET HECKOJILKO JAPYrof reOMETPHUECKUIA CMbICH. .
OnpeiesicHHe. KommnekcHoe  umcino A HaspiBaeTcsd  NPEACTIOM

NOCAEAOBATEALHOCTH {Z R }, ecmu Ve >0 cywecTByeT Takoi Homep N=N(¢), uro a5 Bcex

n>N BBIOJHAETCA HEPaBEHCTBO |Z, — 4| < £.

FeoMeTpHHECKHUIt CMBICI [OCIIE/THETO HEPABEHCTBA 3AKIFOYAETCA B TOM, YTO TOUKA
7, NEKUT B KPYTe PaAnyca ¢ C IICHTPOM B TOUKE A,

Teopus. CyniecrBoBaHue npeaesna lLH;Z,,=a, ra¢ a=a+iff PaBHOCHIABLHO

CYHICCTBOBAHUIO ABYX IpeAENoB: limx, = a;limy, = f.
n—yo n-yn0
Onpenenenue. Pan Y.Z, HA3BIBAECTCS  CXONAMMMCS, €CJIH  CXOAUTCH
n=1

o0
HOCJIEIOBATEEHOCT, €10 YacTHYHBIX cymMMm S, =Y Z,. Ilpu oToM BenmumHa npenena
. k=1

o
lim S, naspiBacTCa CymMmoii pana: S = 0, Zy .
n—ee k=1
Kax u B 1eHCTRATEABHOM 06IACTH, PA/T HAZEIBACTCH AGCOMIOTHO CXOMAMIHMCH, ECITH

cxomurest pag | Z, | Kax cneyer w3 owenxu | X, [<|Z, [<x, |+|y, [, a6comornas
k=1

@©

CXOAMMOCTDb PSAA O3HAYACT OJHO3HAYHYHO a0COMOTHYI0 CXOZUMOCTEH PSAOB Z| X, | m
n=l1

PR

n=|

io 20
Omnpenenenvie. Hanpasnenne €  Ha3pBaeTCd HANPABICHUEM CTYIICHNUS 2~ THIIA

JUIL pajga sz , €cl Ve>0 B cém*ope A = (0! —&a +£) MOYKHO COCTaBHTH DA
k=1

© D
Z Z ¥ (rae yucia Z, k €CTh 2JIEMCHTEI pajga Z Zk , TIOTIaBHINE B CEKTOD Ag ), HC ABJISIOTCA
k=1 k=1

a0COMOTHO CXOMAMIMMCS.

i . 20
HanpaBneHne € Ha3bIBACTCA HANPABICHUCM CTYIICHHA 1 THIIA, eClIU Ve >0 B

X
cexrope A, comepKuTCS GECKOHETHO MHOTO SIEMEHTOB PAia ZZ & > HO B HEKOTOPOM
k=1

o0
cextope A, mo6oii i3 pamos z Z,, cxomures abCOMOTHO.
k=1
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Ecmm xe HaripasJjeHue e HE ABJSICTCH HATIPABJCHUECM CTYIICHWSA, CYIICCTBYET

MakcuManbEbi cextop A = (a - B +,3) B KOTOpOM OYICT COAEPIKATHhCSA JIMIIb
p ‘1B > p Y. 1Y

KOHETHOE YHCIIO AIIEMEHTOB psijia 2 Z, | ¥ TaKOM CEKTOP HA30BEM CEKTOPOM ITyCTOTHL
k=1

- 20
Teopema 1 (o cymecTBOBaHMI HANPABICHUHN CTYIEHNS 2 THIIA).
o0

Ecmm pan Z Z} me cxomurcs aGCONOTHO, TO CYIIECTBYET, TIO KpaiHell Mepe, OTHO
k=1

' 20
HAMPABICHUE CTYLICHUA 2 THIIA.
l!oxasaTeJmCTBo ITpeAToNokKIM, TAKOTO HaNpaBicHusd HeT. Torma s Kaxmoro

HAIpaBICHUSL e'” mo6o CYWIECTBYET CEKTOp HYCTOTHI, G0 cekrop Ay, ecim e

Hanpajienue crymenus 17 tuna. Ot CeKTOpa 00pa3yloT OECKOHEUHOE OTKPLITOS
TIOKPBITHE OKPYKHOCTH 1Z|:1, H3 KOTOpOro corjacHo nemme I'eiina-bopens moxHO

¥M3BIIeYs KOHEUHOS MONTOKPHITHE. ITycts cekrop (@ —7,c+¥) cOOTBETCTBYET dIeMenTy
TAKOTO TIOAHOKPHTHA. TorHa B 3TOM cekTope NHO0 KOHEYHOE YUCIO JIEMEHTOB PAfa,

00 3TU BIIEMEHTH 00Pa3VIOT a0COMOTHO CXOAAIMICS PI | ZZ k. 3arem npoTUB
Zpela-y;a+y)

9acoBOI CTPEIIKH TIEPEXOUM B COCCIHMIN CEKTOP, TAE ONATH e OpraHesyeM abcomOTHO

cxonammiics psSA W3 DJIEMEHTOB €mie He IPeICTaBACHHBIX B IpebAylied cymMe.

CymMHupys aGCOMIOTHO CXOMSIIUECS PATBL, TOMYIaeM OAUH abCOMOTHO CXOAAIMACA P,
@0

B KOTOpPOM, IIEPECTaBNASA Clara€MbIC, HOJIydacM pPAg ZZL . OH, OKa3bIBaACTCH, TOXKC
k=1

abcomoTHO cxoauTcs. Teopema fokasana.

A
T ol
%
/ -
// P a7
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3amewanpe. OTMETHM, YTO CYIECTBOBAHWE HAMPABICHUS o CTYIICHWS 2 poxa

TOJPA3yMEBAET CYINECTBOBAHME APYIHX Hampasiesui 2 poa, KOMICHCHPYIONIAX
ClaraeMble W3 CeKTopa (@ —&,+€), AHAIOIMYHO KaK B BEINECTBEHHOM CIydae
OTPHLATENbUBIE CIAraeMbie JIOJDKHBI KOMIICHCHPOBATh IOJIOXKUTCNBHBIC. TONBKO B
KOMILTEKCHOM CJTydae CHTYAIHs CIOKHEE.

IIpumep. PaccMOTpUM YCIOBHO CXOISIIMIACS psi.

11 11 1 1.1 11 1 1
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