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Ââåäåíèå

Íàñòîÿùåå ïîñîáèå ñîäåðæèò ìåòîäè÷åñêèå ðåêîìåíäàöèè ê íàõîæäåíèþ

îïðåäåë¼ííûõ âèäîâ èíòåãðàëîâ îò òðèãîíîìåòðè÷åñêèõ âûðàæåíèé, ïðåäó-

ñìîòðåííûõ ïðîãðàììîé õèìè÷åñêîãî ôàêóëüòåòà ïî êóðñó "Ìàòåìàòèêà". Îíî

ïðåñëåäóåò öåëü ïîìî÷ü ñòóäåíòàì ñèñòåìàòèçèðîâàòü è óêðåïèòü ñâîè çíàíèÿ

â îáëàñòè íàõîæäåíèÿ óêàçàííûõ èíòåãðàëîâ.

Ïðåäñòàâëåíî äâåíàäöàòü âèäîâ èíòåãðàëîâ íà äàííóþ òåìó è êàæäûé âèä

ïîäðîáíî ðàññìîòðåí íà ïðèìåðàõ. Äëÿ çàêðåïëåíèÿ ñòóäåíòàìè èçó÷åííîãî

ìàòåðèàëà äàþòñÿ ïðèìåðû äëÿ ñàìîñòîÿòåëüíîé ðàáîòû. Ïðè÷¼ì îíè ðàñïî-

ëîæåíû íå îòäåëüíî íà êàæäûé âèä ïîñëå åãî îáúÿñíåíèÿ, à ñðàçó íà âñå âèäû

âìåñòå, ÷òîáû èçáåæàòü òðàôàðåòíîãî ïîäõîäà ê âû÷èñëåíèþ èíòåãðàëîâ. Òà-

êîå ðàñïîëîæåíèå ïðèìåðîâ òàêæå äà¼ò âîçìîæíîñòü ïðè âû÷èñëåíèè óâèäåòü

ñâÿçü ïðè ïåðåõîäå îò îäíîãî âèäà èíòåãðàëà ê äðóãîìó. Òàêèì îáðàçîì, ïî-

ñòðîåíèå ïîñîáèÿ ñïîñîáñòâóåò çàêðåïëåíèþ ïîâòîðÿþùèõñÿ âàæíûõ áàçîâûõ

ïðè¼ìîâ ïðè íàõîæäåíèè êàæäîãî âèäà èíòåãðàëà, à òàêæå ïîçâîëÿåò óâèäåòü

öåëîñòíîñòü äàííîé òåìû è âûäåëèòü íîâèçíó êàæäîãî âèäà. Äðóãèìè ñëîâà-

ìè, äàííîå ïîñîáèå ñïîñîáñòâóåò ðàçâèòèþ èíòåðåñà ê ðàññìàòðèâàåìîé òåìå è

ñîêðàùåíèþ âðåìåíè íà çàïîìèíàíèå ïðè¼ìîâ íàõîæäåíèÿ èíòåãðàëîâ.

Òàêæå ñ öåëüþ ïðåäîòâðàùåíèÿ òðàôàðåòíîãî ïîäõîäà ê âû÷èñëåíèþ èíòå-

ãðàëîâ è ðàçâèòèÿ ýëåìåíòîâ òâîð÷åñòâà äàíà êîíòðîëüíàÿ ðàáîòà, ïðè âûïîë-

íåíèè êîòîðîé ñòóäåíò îïðåäåëÿåòñÿ â ñâîåé ñòåïåíè ïîíèìàíèÿ äàííîé òåìû.

Ýòà öåëü äîñòèãàåòñÿ çà ñ÷¼ò ñîñòàâëåíèÿ ïðèìåðîâ ñïåöèàëüíûì îáðàçîì. À

èìåííî, â ïåðâûõ ïðèìåðàõ êîíòðîëüíîé ðàáîòû èçìåíåíû àðãóìåíòû ôóíêöèé

â îòëè÷èå îò ïðèìåðîâ, îáúÿñíåííûõ â ïîñîáèè. ×òîáû âçÿòü èíòåãðàë îò òàêîé

ôóíêöèè, íóæíî ïðèìåíèòü äâà ïðè¼ìà, êàæäûé èç êîòîðûõ îáúÿñíåí îòäåëü-

íî. Â ðàññìàòðèâàåìûõ ïðèìåðàõ êîíòðîëüíîé ðàáîòû ñòóäåíò äîëæåí óìåòü

ñîåäèíèòü ýòè äâà ïðè¼ìà. Òàêèì îáðàçîì, äàííîå ïîñîáèå ïîëåçíî äëÿ ñòóäåí-

òîâ ðàçíûõ óðîâíåé ïîäãîòîâêè è ñïîñîáñòâóåò ðàçâèòèþ ýëåìåíòîâ òâîð÷åñòâà.
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�1. Îñíîâíûå ïðàâèëà èíòåãðèðîâàíèÿ òðèãîíîìåòðè÷åñêèõ

âûðàæåíèé

1. Ïðîñòåéøèå èíòåãðàëû îò òðèãîíîìåòðè÷åñêèõ ôóíêöèé èìåþò âèä∫
sinxdx = − cosx+ C;

∫
cosxdx = sinx+ C.

Ê íèì ñ ïîìîùüþ ïðèåìà ïîäâåäåíèÿ ôóíêöèè ïîä çíàê äèôôåðåíöèàëà ñâî-

äÿòñÿ èíòåãðàëû âèäà
∫
sin(nx+ b)dx,

∫
cos(nx+ b)dx ñëåäóþùèì îáðàçîì:∫

sin(nx+ b)dx =
1

n

∫
sin(nx+ b)d(nx+ b) = −1

n
cos(nx+ b) + C;

∫
cos(nx+ b)dx =

1

n

∫
cos(nx+ b)d(nx+ b) = sin(nx+ b) + C.

2. Ïóñòü ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé íå÷åòíóþ ñòåïåíü

sinx èëè cosx, òî åñòü ðàññìîòðèì èíòåãðàëû âèäà
∫
sin2n+1 xdx,

∫
cos2n+1 xdx

(n � öåëîå ïîëîæèòåëüíîå ÷èñëî). Äëÿ âû÷èñëåíèÿ ýòèõ èíòåãðàëîâ ïðèìåíÿ-

åòñÿ ïðèåì ïîäâåäåíèÿ ôóíêöèè ïîä çíàê äèôôåðåíöèàëà:∫
sin2n+1 xdx = −

∫
(1− cos2 x)nd(cosx);

∫
cos2n+1 xdx =

∫
(1− sin2 x)nd(sinx),

â ðåçóëüòàòå ïîëó÷èì èíòåãðàë îò ñòåïåííîé ôóíêöèè.

Ïðèìåðû.

1)

∫
sin3 xdx =

∫
sin2 x·sinxdx = −

∫
(1−cos2 x)d(cos x) = − cosx+

cos3 x

3
+C;

2)

∫
cos5 xdx =

∫
cos4 x·cosxdx =

∫
(1−sin2 x)2d(sinx) =

=

∫
(1− 2 sin2 x+ sin4 x)d(sinx) = sin x− 2 sin3 x

3
+

sin5 x

5
+ C.

3. Ïóñòü ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé ÷åòíóþ ñòåïåíü sinx

èëè cosx, òî åñòü ðàññìîòðèì èíòåãðàëû âèäà
∫
sin2n xdx,

∫
cos2n xdx (n � öåëîå
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ïîëîæèòåëüíîå ÷èñëî). Â ýòîì ñëó÷àå äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðèìåíÿþòñÿ

ôîðìóëû ïîíèæåíèÿ ñòåïåíè:

sin2 x =
1− cos 2x

2
, cos2 x =

1 + cos 2x

2
.

Ïðèìåðû.

1)

∫
sin2 xdx =

∫
1− cos 2x

2
dx =

1

2

∫
dx− 1

2

∫
cos 2xdx =

x

2
− 1

4
sin 2x+ C;

2)

∫
cos4 xdx =

∫ (
1 + cos 2x

2

)2

dx =
1

4

∫
(1+2 cos 2x+cos2 2x)dx =

1

4

∫
dx+

+
1

2

∫
cos 2xdx+

1

8

∫
(1 + cos 4x)dx =

x

4
+

sin 2x

4
+

x

8
+

sin 4x

32
+ C =

=
3x

8
+

sin 2x

4
+

sin 4x

32
+ C;

3)

∫
cos6 xdx =

∫ (
1 + cos 2x

2

)3

dx =
1

8

∫
(1+3 cos 2x+3 cos2 2x+cos3 2x)dx =

=
1

8

∫
dx+

3

8

∫
cos 2xdx+

3

8

∫
cos2 2xdx+

1

8

∫
cos3 2xdx =

x

8
+

3 sin 2x

16
+

+
3

16

∫
(1 + cos 4x)dx+

1

8

∫
(1− sin2 2x) cos 2xdx =

x

8
+

3 sin 2x

16
+

3x

16
+

+
3 sin 4x

64
+

1

16

∫
(1− sin2 2x)d(sin 2x) =

5x

16
+

3 sin 2x

16
+

3 sin 4x

64
+

sin 2x

16
−

−sin3 2x

48
+ C =

5x

16
+

sin 2x

4
+

3 sin 4x

64
− sin3 2x

48
+ C.

4. Ðàññìîòðèì èíòåãðàëû âèäà∫
sinm x · cosn xdx, (1)

ãäå, ïî êðàéíåé ìåðå, îäíî èç ÷èñåë m, n � íå÷åòíîå ïîëîæèòåëüíîå. Åñëè m �

íå÷åòíîå ïîëîæèòåëüíîå, òî ïîä çíàê äèôôåðåíöèàëà ââîäÿò sinx è äåëàþò çà-

ìåíó t = cos x, åñëè n � íå÷åòíîå ïîëîæèòåëüíîå, òî òî ïîä çíàê äèôôåðåíöèàëà

ââîäÿò cosx è äåëàþò çàìåíó t = sinx.

Ïðèìåðû.

1)

∫
sin3 x ·cos2 xdx =

∫
sin2 x ·sinx ·cos2 xdx = −

∫
(1−cos2 x) cos2 xd(cosx) =

5



=

∫
(cos4 x− cos2 x)d(cosx) =

cos5 x

5
− cos3 x

3
+ C;

2)

∫
sin4 x · cos5 xdx =

∫
sin4 x · cos4 x · cosxdx =

∫
sin4 x(1− sin2 x)2d(sinx) =

=

∫
sin4 x(1−2 sin2 x+sin4 x)d(sinx) =

∫
(sin4 x−2 sin6 x+sin8 x)d(sinx) =

=
sin5 x

5
− 2 sin7 x

7
+

sin9 x

9
+ C;

3)

∫
cos3 x

sin6 x
dx =

∫
cos2 x · cosx

sin6 x
dx =

∫
1− sin2 x

sin6 x
d(sinx) =

∫
sin−6 x(sinx)−

−
∫

sin−4 xd(sin x) = −1

5
sin−5 x+

1

3
sin−3 x+ C =

1

3 sin3 x
− 1

5 sin5 x
+ C;

4)

∫
sin3 x

cosx · 3
√
cosx

dx =

∫
(1− cos2 x) · cos

− 4
3 x · sinxdx =

∣∣∣∣∣∣ t = cos x,

dt = − sinxdx

∣∣∣∣∣∣ =
= −

∫
(1−t2)t

− 4
3 dt =

∫ (
t
2
3−t

− 4
3
)
dt =

3

5
t
5
3+3t

− 1
3+C =

3

5
cosx · 3

√
cos2 x+

+
3

3
√
cosx

+ C;

5)

∫
cos5 x
4
√
sin3 x

dx =

∫
(1− sin2 x)2 · sin

− 3
4 x · cosxdx =

∣∣∣∣∣∣ t = sinx,

dt = cos xdx

∣∣∣∣∣∣ =
=

∫
(1− 2t2 + t4)t

− 3
4 dt =

∫ (
t
− 3

4 − 2t
5
4 + t

13
4
)
dt = 4t

1
4 − 8

9
t
9
4 +

4

17
t
17
4 + C =

= 4
4
√
sinx− 8

9
sin2 x · 4

√
sinx+

4

17
sin4 x · 4

√
sinx+ C.

5. Ïóñòü òåïåðü äàí èíòåãðàë âèäà (1) ñ ÷åòíûìè ïîëîæèòåëüíûìè ÷èñëà-

ìè m è n. Â ýòîì ñëó÷àå äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðèìåíÿþòñÿ ôîðìóëû

ïîíèæåíèÿ ñòåïåíè:

sin2 x =
1− cos 2x

2
, cos2 x =

1 + cos 2x

2
, sinx · cosx =

1

2
sin 2x.

Ïðèìåðû.

1)

∫
sin2 x ·cos2 xdx =

∫
(sinx ·cosx)2dx =

∫ (
1

2
sin 2x

)2

dx =
1

4

∫
sin2 2xdx =

=
1

4

∫
1− cos 4x

2
dx =

1

8

∫
(1− cos 4x)dx =

x

8
− sin 4x

32
+ C

6



â ýòîì ïðèìåðå ñíà÷àëà ïðèìåíèëè ïîñëåäíþþ èç ïðèâåäåííûõ âûøå ôîðìóë

ïîíèæåíèÿ ñòåïåíè, à ïîòîì � ïåðâóþ;

2)

∫
sin2 x·cos4 xdx =

∫
(sinx·cosx)2 ·cos2 xdx =

∫ (
1

2
sin 2x

)2

·1 + cos 2x

2
dx =

=
1

8

∫
sin2 2xdx+

1

8

∫
sin2 2x · cos 2xdx =

1

8

∫
1− cos 4x

2
dx+

+
1

16

∫
sin2 2xd(sin 2x) =

x

16
− sin 4x

64
+

sin3 2x

48
+ C;

3)

∫
sin4 x ·cos2 xdx =

∫ (
1− cos 2x

2

)2

· 1 + cos 2x

2
dx =

=
1

8

∫
(1− cos2 2x)(1− cos 2x)dx =

1

8

∫
sin2 2x · (1− cos 2x)dx =

=
1

8

∫
sin2 2xdx− 1

8

∫
sin2 2x · cos 2xdx =

1

16

∫
(1− cos 4x)dx−

− 1

16

∫
sin2 2xd(sin 2x) =

x

16
− sin 4x

64
− sin3 2x

48
+ C;

4)

∫
sin4 x · cos6 xdx =

1

16

∫
(2 sin x · cosx)4 · cos2 xdx =

=
1

32

∫
sin4 2x · (1 + cos 2x)dx =

1

32

∫
sin4 2xdx+

1

32

∫
sin4 2x · cos 2xdx =

=
1

128

∫
(1− cos 4x)2dx+

1

64

∫
sin4 2xd(sin 2x) =

=
1

128

∫ (
1− 2 cos 4x+ cos2 4x

)
dx+

sin5 2x

320
=

x

128
− sin 4x

256
+

+
1

256

∫
(1 + cos 8x)dx+

sin5 2x

320
=

x

128
− sin 4x

256
+

x

256
+

sin 8x

2048
+

sin5 2x

320
+

+C =
3x

256
− sin 4x

256
+

sin 8x

2048
+

sin5 2x

320
+ C.

6. Åñëè â èíòåãðàëå âèäà (1) îáà ïîêàçàòåëÿ m è n ÷åòíûå, íî õîòÿ áû

îäèí èç íèõ îòðèöàòåëåí, òî ïðè âû÷èñëåíèè òàêîãî èíòåãðàëà âûïîëíÿåòñÿ

çàìåíà t = tg x èëè t = ctg x è èñïîëüçóþòñÿ ñëåäóþùèå òðèãîíîìåòðè÷åñêèå

ôîðìóëû:

1 + tg2 x =
1

cos2 x
, 1 + ctg2 x =

1

sin2 x
.
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Ïðèìåðû.

1)

∫
sin4 x

cos6 x
dx =

∫
sin4 x

cos4 x
· dx

cos2 x
=

∫
tg4 xd(tg x) =

tg5 x

5
+C;

2)

∫
sin2 x

cos6 x
dx =

∫
sin2 x

cos2 x
· 1

cos2 x
· dx

cos2 x
=

∫
tg2 x · (1 + tg2 x)d(tg x) =

=

∫
(tg2 x+ tg4 x)d(tg x) =

tg3 x

3
+

tg5 x

5
+ C.

Ïðèâåäåííûå ïðèìåðû ïîêàçûâàþò, ÷òî åñëè â ÷åòíîé îòðèöàòåëüíîé ñòåïåíè

â èíòåãðàëå âèäà (1) ïðèñóòñòâóåò cosx, òî äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðåä-

ïî÷òèòåëüíåå âûïîëíèòü çàìåíó t = tg x. Åñëè æå â ÷åòíîé îòðèöàòåëüíîé

ñòåïåíè â èíòåãðàëå âèäà (1) ïðèñóòñòâóåò sinx, òî äëÿ âû÷èñëåíèÿ èíòåãðàëà

ïðåäïî÷òèòåëüíåå âûïîëíèòü çàìåíó t = ctg x.

3) J =

∫
cos4 x

sin2 x
dx =

∫
(1−sin2 x)2

dx

sin2 x
= −

∫ (
1− 1

1 + ctg2 x

)2

d(ctg x) =

= |t = ctg x| =
∫ (

2

1 + t2
− 1− 1

(1 + t2)2

)
dt = −2 arcctg t−t−

∫
1

(1 + t2)2
dt.

Ê âû÷èñëåíèþ ïîñëåäíåãî èíòåãðàëà ïðèìåíèì ðåêóððåíòíóþ ôîðìóëó∫
dx

(x2 + a2)n+1
=

x

2na2(x2 + a2)n
+

2n− 1

2na2

∫
dx

(x2 + a2)n
. (2)

Ïîëó÷èì

J = −2 arcctg t− t− t

2(1 + t2)
− 1

2

∫
1

1 + t2
dt = −2 arcctg t− t− t

2(1 + t2)
+

+
1

2
arcctg t+C = −3

2
arcctg t− t− t

2(1 + t2)
+C = −3

2
arcctg(ctg x)− ctg x−

− ctg x

2(1+ ctg2 x)
+C = −3x

2
−ctg x−ctg x · sin2 x

2
+C = −3x

2
−ctg x−cosx· sinx

2
+

+C = −3x

2
− ctg x− sin 2x

4
+ C.

Íî ïðîùå áûëî â ýòîì èíòåãðàëå çàìåíó t = ctg x íå èñïîëüçîâàòü, à ïðåîáðà-

çîâàòü ïîäûíòåãðàëüíóþ ôóíêöèþ:∫
cos4 x

sin2 x
dx =

∫
(1− sin2 x)2

sin2 x
dx =

∫
(1− 2 sin2 x+ sin4 x)

sin2 x
dx =

8



=

∫ (
1

sin2 x
− 2 + sin2 x

)
dx = − ctg x− 2x+

1

2

∫
(1− cos 2x)dx =

= − ctg x− 2x+
x

2
− sin 2x

4
+ C = − ctg x− 3x

2
− sin 2x

4
+ C.

Òàêèì îáðàçîì, åñëè â èíòåãðàëå âèäà (1) îäíî èç ÷èñåëm èëè n ÷åòíîå ïîëîæè-

òåëüíîå, à äðóãîå � ÷åòíîå îòðèöàòåëüíîå, íî ïðè ýòîì ïîëîæèòåëüíîå áîëüøå

ìîäóëÿ îòðèöàòåëüíîãî, òî âû÷èñëåíèå èíòåãðàëà óïðîùàåòñÿ, åñëè ïðåîáðàçî-

âàòü ïîäûíòåãðàëüíóþ ôóíêöèþ ñ ïðèìåíåíèåì òðèãîíîìåòðè÷åñêèõ ôîðìóë.

Çàìåíà ïåðåìåííîé t = tg x èëè t = ctg x â òàêèõ èíòåãðàëàõ ïðèâîäèò ê áîëåå

ñëîæíûì âû÷èñëåíèÿì.

7. Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà∫
sinmx · cosnxdx,

∫
sinmx · sinnxdx,

∫
cosmx · cosnxdx,

ãäå m è n � ðàçëè÷íûå ïîëîæèòåëüíûå ÷èñëà, èñïîëüçóþò ñëåäóþùèå òðèãîíî-

ìåòðè÷åñêèå ôîðìóëû:

sinmx · cosnx =
1

2

(
sin(m+ n)x+ sin(m− n)x

)
,

sinmx · sinnx =
1

2

(
cos(m− n)x− cos(m+ n)x

)
,

cosmx · cosnx =
1

2

(
cos(m+ n)x+ cos(m− n)x

)
.

Ïðèìåðû.

1)

∫
cos 2x · sin 4xdx =

1

2

∫
(sin 6x+ sin 2x)dx =

1

12

∫
sin 6xd(6x)+

+
1

4

∫
sin 2xd(2x) = −cos 6x

12
− cos 2x

4
+ C;

2)

∫
sin 2x · sin 2x

3
dx =

1

2

∫ (
cos

4x

3
− cos

8x

3

)
dx =

3

8
sin

4x

3
− 3

16
sin

8x

3
+ C;

3)

∫
cos 6x·cosxdx =

1

2

∫
(cos 7x+cos 5x)dx =

sin 7x

14
+
sin 5x

10
+C;

4)

∫
cosx ·cos 2x ·cos 5xdx.

Ïðåîáðàçóåì ñíà÷àëà ïîäûíòåãðàëüíóþ ôóíêöèþ:

cosx · cos 2x · cos 5x = (cos 2x · cosx) · cos 5x =
1

2
(cos 3x+ cos x) · cos 5x =

9



=
1

2
(cos 5x · cos 3x+ cos 5x · cosx) = 1

4
(cos 8x+ cos 2x+ cos 6x+ cos 4x).

Òàêèì îáðàçîì, èìååì∫
cosx · cos 2x · cos 5xdx =

1

4

∫
(cos 8x+ cos 2x+ cos 6x+ cos 4x)dx =

=
sin 8x

32
+

sin 2x

8
+

sin 6x

24
+

sin 4x

16
+ C.

8. Èíòåãðàëû
∫
tg xdx,

∫
ctg xdx âû÷èñëÿþòñÿ ñ ïðèìåíåíèåì ïðèåìà ïîäâå-

äåíèÿ ôóíêöèè ïîä çíàê äèôôåðåíöèàëà:∫
tg xdx =

∫
sinx

cosx
dx = −

∫
d(cosx)

cosx
= − ln | cosx|+ C,

∫
ctg xdx =

∫
cosx

sinx
dx =

∫
d(sinx)

sinx
= ln | sinx|+ C.

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà
∫
tgm xdx è

∫
ctgm xdx, ãäå m � ïîëîæè-

òåëüíîå öåëîå ÷èñëî, ïðèìåíÿåòñÿ çàìåíà ïåðåìåííîé t = tg x è t = ctg x ñîîò-

âåòñòâåííî èëè èñïîëüçóþòñÿ ôîðìóëû

tg2 x =
1

cos2 x
− 1, ctg2 x =

1

sin2 x
− 1,

ñ ïîìîùüþ êîòîðûõ ïîñëåäîâàòåëüíî ïîíèæàåòñÿ ñòåïåíü tg x èëè ctg x.

Ïðèìåðû.

1)

∫
tg7 xdx.

Âûïîëíèì â èíòåãðàëå çàìåíó ïåðåìåííîé: t = tg x, x = arctg t, dx =
dt

1 + t2
.

Ïîëó÷èì∫
tg7 xdx =

∫
t7 · dt

1 + t2
=

∫
(t7 + t5)− (t5 + t3) + (t3 + t)− t

1 + t2
dt =

=

∫ (
t5 − t3 + t− t

1 + t2

)
dt =

t6

6
− t4

4
+

t2

2
− 1

2
ln(1 + t2) + C =

=
tg6 x

6
− tg4 x

4
+

tg2 x

2
+ ln | cosx|+ C.
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Âû÷èñëèì äàííûé èíòåãðàë ïîñëåäîâàòåëüíî ïîíèæàÿ ñòåïåíü tg x ñ ïîìîùüþ

òðèãîíîìåòðè÷åñêèõ ôîðìóë:∫
tg7 xdx =

∫
tg5 x ·

(
1

cos2 x
− 1

)
dx =

∫
tg5 xd(tg x)−

∫
tg5 xdx =

tg6 x

6
−

−
∫

tg3 x ·
(

1

cos2 x
− 1

)
dx =

tg6 x

6
− tg4 x

4
+

∫
tg x ·

(
1

cos2 x
− 1

)
dx =

=
tg6 x

6
− tg4 x

4
+

tg2 x

2
+ ln | cosx|+ C.

2)

∫
ctg6 xdx =

∫
ctg4 x ·

(
1

sin2 x
− 1

)
dx = −

∫
ctg4 xd(ctg x)−

∫
ctg4 xdx =

= −ctg5 x

5
−
∫

ctg2 x·
(

1

sin2 x
−1

)
dx = −ctg5 x

5
+
ctg3 x

3
+

∫ (
1

sin2 x
−1

)
dx =

= −ctg5 x

5
+

ctg3 x

3
− ctg x− x+ C.

9. Èíòåãðàëû âèäà
∫
R(sinx, cosx)dx, ãäå R(sinx, cosx) � ðàöèîíàëüíàÿ

ôóíêöèÿ îò sinx è cosx, ñâîäÿòñÿ ê âû÷èñëåíèþ èíòåãðàëà îò ðàöèîíàëüíîé

ôóíêöèè ñ ïîìîùüþ ïîäñòàíîâêè t = tg
x

2
, −π < x < π, êîòîðàÿ íàçûâàåòñÿ

óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêîé. Ïðèìåíÿÿ åå, íàéäåì:

sinx = 2 sin
x

2
cos

x

2
=

2
sin x

2

cos x
2

1
cos2 x

2

=
2 tg x

2

1 + tg2 x
2

=
2t

1 + t2
,

cosx = cos2
x

2
− sin2

x

2
=

1− sin2 x
2

cos2 x
2

1
cos2 x

2

=
1− tg2 x

2

1 + tg2 x
2

=
1− t2

1 + t2
,

tg x =
sinx

cosx
=

2t

1− t2
, ctg x =

cosx

sinx
=

1− t2

2t
,

x

2
= arctg x, x = 2arctg x, dx =

2dt

1 + t2
.

Ïðèìåðû.

1)

∫
dx

4 sin x+ 3 cos x+ 5
=

∫ 2dt
1+t2

4 · 2t
1+t2 + 3 · 1−t2

1+t2 + 5
=

∫
2dt

2t2 + 8t+ 8
=

=

∫
dt

(t+ 2)2
= − 1

t+ 2
+ C = − 1

tg x
2 + 2

+ C;

11



2)

∫
dx

sinx·(2+ cos x−2 sin x)
=

∫ 2dt
1+t2

2t
1+t2

(
2+1−t2

1+t2−2· 2t
1+t2

) =

∫
(1 + t2)dt

t(t2 − 4t+ 3)
.

Ðàçëîæèì çíàìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè íà ìíîæèòåëè:

t(t2−4t+3) = t(t−1)(t−3).

Ïîäûíòåãðàëüíóþ ôóíêöèþ ðàçëîæèì íà ïðîñòåéøèå äðîáè:

1 + t2

t(t−1)(t−3)
=
A

t
+

B

t−1
+

D

t−3
=
A(t−1)(t−3)+Bt(t−3)+Dt(t−1)

t(t− 1)(t− 3)
.

Íàéäåì êîýôôèöèåíòû ðàçëîæåíèÿ, ïðèðàâíÿâ ÷èñëèòåëè äðîáåé ëåâîé è ïðà-

âîé ÷àñòåé òîæäåñòâà:

1 + t2 = A(t− 1)(t− 3) +Bt(t− 3) +Dt(t− 1).

Ïðè t = 0 èìååì 1 = 3A, çíà÷èò, A =
1

3
; ïðè t = 1 èìååì 2 = −2B, çíà÷èò,

B = −1; ïðè t = 3 èìååì 10 = 6D, çíà÷èò, D =
5

3
. Ïîëó÷èì∫

dx

sinx·(2+ cos x−2 sin x)
=

1

3

∫
dt

t
−

∫
dt

t− 1
+

5

3

∫
dt

t− 3
=

1

3
ln |t|−

− ln |t− 1|+ 5

3
ln |t− 3|+ C =

1

3
ln

∣∣∣tg x

2

∣∣∣− ln
∣∣∣tg x

2
− 1

∣∣∣+ 5

3
ln

∣∣∣tg x

2
− 3

∣∣∣+ C.

10. Ïðåèìóùåñòâî óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêè ñî-

ñòîèò â òîì, ÷òî îíà ïðèìåíèìà ê âû÷èñëåíèþ ëþáîãî èíòåãðàëà âèäà∫
R(sinx, cosx)dx, ãäå R(sinx, cosx) � ðàöèîíàëüíàÿ ôóíêöèÿ îò sinx è cosx.

Íî óíèâåðñàëüíàÿ òðèãîíîìåòðè÷åñêàÿ ïîäñòàíîâêà èìååò îäèí î÷åíü ñóùå-

ñòâåííûé íåäîñòàòîê: âî ìíîãèõ ñëó÷àÿõ åå ïðèìåíåíèå ïðèâîäèò ê ñëîæíûì

âû÷èñëåíèÿì èíòåãðàëîâ îò ðàöèîíàëüíîé ôóíêöèè, òàê êàê ïðè åå ïðèìåíåíèè

sinx è cosx âûðàæàþòñÿ â âèäå ðàöèîíàëüíûõ äðîáåé, ñîäåðæàùèõ t2. Ïîýòîìó

â òåõ ñëó÷àÿõ, êîãäà ê âû÷èñëåíèþ èíòåãðàëà îò òðèãîíîìåòðè÷åñêîé ôóíêöèè

ìîæíî ïðèìåíèòü äðóãóþ ïîäñòàíîâêó, ïðèâîäÿùóþ ê áîëåå ïðîñòûì âû÷èñëå-

íèÿì, óíèâåðñàëüíóþ òðèãîíîìåòðè÷åñêóþ ïîäñòàíîâêó íå èñïîëüçóþò.

Ðàññìîòðèì ÷àñòíûå ñëó÷àè, â êîòîðûõ âû÷èñëåíèå èíòåãðàëîâ âèäà∫
R(sinx, cosx)dx ìîæåò áûòü óïðîùåíî.
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10.1 Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ R(sinx, cosx) ÿâëÿåòñÿ íå÷åòíîé îò-

íîñèòåëüíî sinx, òî åñòü R(− sinx, cosx) = −R(sinx, cosx), òî èíòåãðàë ðà-

öèîíàëèçèðóåòñÿ ïîäñòàíîâêîé t = cos x.

Ïðèìåð.∫
(sinx+ sin3 x)dx

cos 2x
.

Ðàññìîòðèì ïîäûíòåãðàëüíóþ ôóíêöèþ

R(sinx, cosx) =
sinx+ sin3 x

cos 2x
=

sinx+ sin3 x

2 cos2 x− 1
.

R(− sinx, cosx) =
− sinx+ (− sinx)3

2 cos2 x− 1
= −sinx+ sin3 x

2 cos2 x− 1
= −R(sinx, cosx),

çíà÷èò, ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ íå÷åòíîé îòíîñèòåëüíî sinx, ïîýòî-

ìó äëÿ âû÷èñëåíèÿ èíòåãðàëà ìîæíî âîñïîëüçîâàòüñÿ ïîäñòàíîâêîé t = cos x.

Òîãäà sin2 x = 1− t2, dt = − sinxdx. Òàêèì îáðàçîì,∫
(sinx+ sin3 x)dx

cos 2x
=

∫
(2− t2)(−dt)

2t2 − 1
=

∫
(t2 − 2)dt

2t2 − 1
=

1

2

∫
(2t2 − 4)dt

2t2 − 1
=

=
1

2

∫ (
(2t2 − 1)− 3

)
dt

2t2 − 1
=

1

2

∫
dt− 3

2

∫
dt

2t2 − 1
=

t

2
− 3

2
√
2

∫
d(t

√
2)

(t
√
2)2 − 1

=

=
t

2
− 3

4
√
2
ln

∣∣∣∣∣t
√
2− 1

t
√
2 + 1

∣∣∣∣∣+ C =
cosx

2
− 3

4
√
2
ln

∣∣∣∣∣
√
2 cos x− 1√
2 cos x+ 1

∣∣∣∣∣+ C.

10.2 Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ R(sinx, cosx) ÿâëÿåòñÿ íå÷åòíîé îò-

íîñèòåëüíî cosx, òî åñòü R(sinx, − cosx) = −R(sinx, cosx), òî èíòåãðàë ðà-

öèîíàëèçèðóåòñÿ ñ ïîìîùüþ ïîäñòàíîâêè t = sinx.

Ïðèìåð.∫
(cos3 x+ cos5 x)dx

sin2 x+ sin4 x
.

Ðàññìîòðèì ïîäûíòåãðàëüíóþ ôóíêöèþ R(sinx, cosx) =
cos3 x+ cos5 x

sin2 x+ sin4 x
.

R(sinx, − cosx) =
(− cosx)3+(− cosx)5

sin2 x+ sin4 x
= −cos3 x+ cos5 x

sin2 x+ sin4 x
= −R(sinx, cosx),
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çíà÷èò, ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ íå÷åòíîé îòíîñèòåëüíî cosx, ïî-

ýòîìó äëÿ âû÷èñëåíèÿ èíòåãðàëà ìîæíî âîñïîëüçîâàòüñÿ ïîäñòàíîâêîé t=sin x.

Òîãäà cos2 x = 1− t2, dt = cosxdx. Ñëåäîâàòåëüíî,∫
(cos3 x+ cos5 x)dx

sin2 x+ sin4 x
=

∫
cos2 x(1 + cos2 x) cos xdx

sin2 x(1 + sin2 x)
=

∫
(1− t2)(2− t2)dt

t2(1 + t2)
.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé ðàöèîíàëüíóþ íåïðàâèëüíóþ

äðîáü, ïîýòîìó âûäåëèì ó íåå öåëóþ ÷àñòü:

(1− t2)(2− t2)

t2(1 + t2)
=

t4 − 3t2 + 2

t4 + t2
=

(t4 + t2)− 4t2 + 2

t4 + t2
= 1 +

−4t2 + 2

t2(t2 + 1)
.

Ïðåäñòàâèì ïðàâèëüíóþ äðîáü â âèäå ñóììû ïðîñòåéøèõ äðîáåé:

−4t2 + 2

t2(t2 + 1)
=

−6t2 + 2t2 + 2

t2(t2 + 1)
=

2(t2 + 1)− 6t2

t2(t2 + 1)
=

2

t2
− 6

t2 + 1
.

Òàêèì îáðàçîì,∫
(cos3 x+ cos5 x)dx

sin2 x+ sin4 x
=

∫ (
1 +

2

t2
− 6

t2 + 1

)
dt = t− 2

t
− 6 arctg t+ C =

= sinx− 2

sinx
− 6 arctg(sinx) + C.

11. Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà
∫
R(sin2 x, cos2 x, sinx cosx)dx, ãäå R

� ðàöèîíàëüíàÿ ôóíêöèÿ îò sin2 x, cos2 x è sinx cosx, äåëàþò çàìåíó t = tg x è

íàõîäÿò

x = arctg t, dx =
dt

1 + t2
, cos2 x =

1

1 + tg2 x
=

1

1 + t2
,

sin2 x = 1− cos2 x =
t2

1 + t2
, sinx · cosx = cos2 x · tg x =

t

1 + t2
.

Ïðèìåðû.

1)

∫
dx

sin2 x+ 2 sin x cosx− cos2 x
=

∫ dt
1+t2

t2

1+t2 + 2 t
1+t2 −

1
1+t2

=

∫
dt

t2 + 2t− 1
=

=

∫
dt

(t+ 1)2 − 2
=

∫
d(t+ 1)

(t+ 1)2 − (
√
2)2

=
1

2
√
2
ln

∣∣∣∣∣t+ 1−
√
2

t+ 1 +
√
2

∣∣∣∣∣+ C =

=

√
2

4
ln

∣∣∣∣∣tg x+ 1−
√
2

tg x+ 1 +
√
2

∣∣∣∣∣+ C.
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Âûïîëíåíèå çàìåíû ïåðåìåííîé â èíòåãðàëå óïðîùàåòñÿ, åñëè ÷èñëèòåëü è çíà-

ìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè ðàçäåëèòü íà cos2 x:∫
dx

sin2 x+2 sin x cosx− cos2 x
=

∫ dx
cos2 x

sin2 x
cos2 x+2 sinx cosx

cos2 x −cos2 x
cos2 x

=

∫
d(tg x)

tg2 x+2 tg x−1
;

2)

∫
sin 2x

cos4 x+ sin4 x
dx =

∫
2 t
1+t2(

1
1+t2

)2
+
(

t2

1+t2

)2 ·
dt

1+t2
=

∫
2tdt

1 + t4
=

∫
d(t2)

1+(t2)2
=

= arctg(t2) + C = arctg(tg2 x) + C.

12. Ðàññìîòðåííàÿ âûøå ïîäñòàíîâêà t = tg x ïðèìåíÿåòñÿ è äëÿ âû÷èñëå-

íèÿ èíòåãðàëîâ âèäà
∫
R(sinx, cosx)dx â ñëó÷àå, êîãäà ïîäûíòåãðàëüíàÿ ôóíê-

öèÿ R(sinx, cosx) ÿâëÿåòñÿ ÷åòíîé îòíîñèòåëüíî sinx è cosx îäíîâðåìåííî, òî

åñòü åñëè R(− sinx, − cosx) = R(sinx, cosx).

Ïðèìåðû.

1)

∫
sin2 x · cosx
sinx+ cos x

dx.

Ðàññìîòðèì ïîäûíòåãðàëüíóþ ôóíêöèþ R(sinx, cosx) =
sin2 x · cosx
sinx+ cos x

. Òàê êàê

R(− sinx, − cosx) =
(− sinx)2 · (− cosx)

− sinx+ (− cosx)
=

− sin2 x · cosx
−(sinx+ cos x)

=
sin2 x · cosx
sinx+ cosx

=

= R(sinx, cosx), òî äëÿ âû÷èñëåíèÿ èíòåãðàëà ìîæíî ïðèìåíèòü ïîäñòàíîâ-

êó t = tg x. Äëÿ óäîáñòâà ïðèìåíåíèÿ ïîäñòàíîâêè, ÷èñëèòåëü è çíàìåíàòåëü

ïîäûíòåãðàëüíîé ôóíêöèè ðàçäåëèì íà cosx. Ïîëó÷èì∫
sin2 x · cosx
sinx+ cos x

dx =

∫
sin2 x

tg x+ 1
dx =

∫ t2

1+t2

t+ 1
· dt

1 + t2
=

∫
t2dt

(t+ 1)(1 + t2)2
.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé ðàöèîíàëüíóþ ïðàâèëüíóþ

äðîáü. Ïðåäñòàâèì åå â âèäå ñóììû ïðîñòåéøèõ äðîáåé, èñïîëüçóÿ ìåòîä

íåîïðåäåëåííûõ êîýôôèöèåíòîâ:

t2

(t+ 1)(1 + t2)2
=

A

t+ 1
+

Bt+D

t2 + 1
+

Mt+N

(t2 + 1)2
;

t2

(t+ 1)(1 + t2)2
=

A(t2 + 1)2 + (Bt+D)(t+ 1)(1 + t2) + (Mt+N)(t+ 1)

(t+ 1)(1 + t2)2
.
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Ïðèðàâíÿåì ÷èñëèòåëè äðîáåé ëåâîé è ïðàâîé ÷àñòåé òîæäåñòâà:

t2 = A(t2 + 1)2 + (Bt+D)(t+ 1)(1 + t2) + (Mt+N)(t+ 1);

t2 = A(t4 + 2t2 + 1) + (Bt+D)(t3 + t2 + t+ 1) + (Mt+N)(t+ 1);

t2 = (A+B)t4+(B+D)t3+(2A+B+D+M)t2+(B+D+M+N)t+(A+D+N).

Íàéäåì êîýôôèöèåíòû ðàçëîæåíèÿ, ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ

ñòåïåíÿõ t â ëåâîé è ïðàâîé ÷àñòÿõ òîæäåñòâà. Ïîëó÷èì ëèíåéíóþ ñèñòåìó ïÿòè

óðàâíåíèé ñ ïÿòüþ íåèçâåñòíûìè:

A+B = 0,

B +D = 0,

2A+B +D +M = 1,

B +D +M +N = 0,

A+D +N = 0.

Âûðàçèì âñå íåèçâåñòíûå ÷åðåç A. Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû ïîëó÷èì

B = −A; èç âòîðîãî óðàâíåíèÿ íàõîäèì D = −B = A; èç ïîñëåäíåãî óðàâíåíèÿ

ïîëó÷èì N = −(A + D) = −2A; èç ÷åòâåðòîãî óðàâíåíèÿ ñ ó÷åòîì âòîðîãî

íàõîäèìM = −N = 2A. Ïîäñòàâèì ïîëó÷åííûå çíà÷åíèÿ íåèçâåñòíûõ â òðåòüå

óðàâíåíèå ñèñòåìû. Ïîëó÷èì 2A − A + A + 2A = 1, îòêóäà íàõîäèì A =
1

4
.

Òîãäà B = −1

4
, D =

1

4
, M =

1

2
, N = −1

2
. Ñëåäîâàòåëüíî,∫

sin2 x · cosx
sinx+ cos x

dx =
1

4

∫
dt

t+ 1
− 1

4

∫
t− 1

t2 + 1
dt+

1

2

∫
t− 1

(t2 + 1)2
dt =

=
1

4
ln |t+ 1| − 1

8

∫
2tdt

t2 + 1
+

1

4

∫
dt

t2 + 1
+

1

4

∫
2tdt

(t2 + 1)2
− 1

2

∫
dt

(t2 + 1)2
=

=
1

4
ln |t+ 1| − 1

8

∫
d(t2 + 1)

t2 + 1
+

1

4
arctg t+

1

4

∫
d(t2 + 1)

(t2 + 1)2
− 1

2

∫
dt

(t2 + 1)2
=

=
1

4
ln |t+ 1| − 1

8
ln(t2 + 1) +

1

4
arctg t− 1

4(t2 + 1)
− 1

2

∫
dt

(t2 + 1)2
.
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Äëÿ âû÷èñëåíèÿ ïîñëåäíåãî èíòåãðàëà âîñïîëüçóåìñÿ ðåêóððåíòíîé ôîðìóëîé

(2). Ïîëó÷èì:∫
dt

(t2 + 1)2
=

t

2(t2 + 1)
+

1

2

∫
dt

t2 + 1
=

t

2(t2 + 1)
+

1

2
arctg t+ C.

Òàêèì îáðàçîì, îêîí÷àòåëüíî ïîëó÷àåì:∫
sin2 x · cosx
sinx+ cos x

dx =
1

4
ln |t+ 1| − 1

8
ln(t2 + 1)+

1

4
arctg t− 1

4(t2 + 1)
− t

4(t2 + 1)
−

−1

4
arctg t+ C =

1

4
ln

∣∣∣∣ t+ 1√
t2 + 1

∣∣∣∣− 1

4
· 1 + t

t2 + 1
+ C =

1

4
ln

∣∣∣∣∣ tg x+ 1√
tg2 x+ 1

∣∣∣∣∣−
−1

4
· 1 + tg x

tg2 x+ 1
+ C =

1

4
ln | cosx(tg x+ 1)| − 1

4
cos2 x(tg x+ 1) + C =

=
1

4
ln | sinx+ cosx| − 1

4
cosx(sinx+ cosx) + C.

2)

∫
2 tg x+ 3

sin2 x+ 2 cos2 x
dx =

∫
(2 tg x+ 3) · dx

cos2 x

tg2 x+ 2
=

∫
2t+ 3

t2 + 2
dt =

∫
d(t2)

t2 + 2
+

+3

∫
dt

t2 + (
√
2)2

= ln(t2 + 2) +
3√
2
arctg

t√
2
+ C =

= ln(tg2 x+ 2) +
3
√
2

2
arctg

tg x√
2
+ C.

�2. Ïðèìåðû äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

Âû÷èñëèòü ñëåäóþùèå èíòåãðàëû:

1.
∫
sin 7xdx; 2.

∫
cos 8xdx; 3.

∫
sin 6xdx;

4.
∫
cos 9xdx; 5.

∫
sin

3x

4
dx; 6.

∫
cos

6x

11
dx;

7.
∫
sin(3x− 4)dx; 8.

∫
cos

(
7x

13
− π

4

)
dx; 9.

∫
sin

(
3π

5
− x

2

)
dx;

10.
∫
sin5 xdx; 11.

∫
cos3 xdx; 12.

∫
sin7 xdx;

13.
∫
cos9 xdx; 14.

∫
sin9 xdx; 15.

∫
cos7 xdx;

16.
∫
sin11 xdx; 17.

∫
cos13 xdx; 18.

∫
cos8 xdx;
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19.
∫
sin4 xdx; 20.

∫
sin6 xdx; 21.

∫
cos10 xdx;

22.
∫
sin8 xdx; 23.

∫
sin10 xdx; 24.

∫
cos8 xdx;

25.
∫
sin5 x cos2 xdx; 26.

∫
sin2 x cos3 xdx; 27.

∫
sin3 x cos4 xdx;

28.
∫
sin4 x cos7 xdx; 29.

∫
sin7 x cos2 xdx; 30.

∫
sin6 x cos9 xdx;

31.
∫
sin9 x cos4 xdx; 32.

∫
sin2 x cos5 xdx; 33.

∫
sin6 x cos3 xdx;

34.
∫ cos5 x

sin6 x
dx; 35.

∫ sin7 x

cos4 x
dx; 36.

∫ cos3 x

sin4 x
dx;

37.
∫ sin3 x

cos4 x
dx; 38.

∫ sin5 x

cos8 x
dx; 39.

∫ cos7 x

sin8 x
dx;

40.
∫ sin3 xdx

cosx · 5
√
cosx

; 41.
∫ sin5 xdx

cos2 x · 7
√
cosx

; 42.
∫ sin3 xdx

8
√
cos7 x

;

43.
∫ cos3 xdx

7
√
sin2 x

; 44.
∫ sin7 xdx

9
√
cos5 x

; 45.
∫ cos7 xdx

3
√
sin2 x

;

46.
∫
sin2 x cos6 xdx; 47.

∫
sin6 x cos2 xdx; 48.

∫
sin8 x cos2 xdx;

49.
∫
sin4 x cos8 xdx; 50.

∫
sin4 x cos4 xdx; 51.

∫
sin6 x cos4 xdx;

52.
∫
sin8 x cos4 xdx; 53.

∫
sin2 x cos8 xdx; 54.

∫
sin6 x cos8 xdx;

55.
∫ sin2 x

cos8 x
dx; 56.

∫ sin4 x

cos8 x
dx; 57.

∫ sin6 x

cos8 x
dx;

58.
∫ sin4 x

cos10 x
dx; 59.

∫ sin6 x

cos2 x
dx; 60.

∫ sin2 x

cos4 x
dx;

61.
∫ cos2 x

sin4 x
dx; 62.

∫ cos4 x

sin4 x
dx; 63.

∫ cos4 x

sin6 x
dx;

64.
∫ cos4 x

sin8 x
dx; 65.

∫ cos6 x

sin4 x
dx; 66.

∫ cos6 x

sin2 x
dx;

67.
∫
sin 3x cos 4xdx; 68.

∫
cos 3x cos 6xdx; 69.

∫
sin 4x sin 5xdx;

70.
∫
sin 6x cos 8xdx; 71.

∫
sin 9x cos 7xdx; 72.

∫
cos 4x cos 8xdx;

73.
∫
sin 3x cos

3x

4
dx; 74.

∫
sin

4x

5
sin 2xdx; 75.

∫
cos 6x cos

8x

5
dx;

76.
∫
sin

6x

7
sin

7x

8
dx; 77.

∫
cos

4x

9
cos

6x

5
dx; 78.

∫
sin

4x

5
cos

8x

9
dx;

79.
∫
sinx cos 2x cos 3xdx; 80.

∫
cos 2x cos 3x cos 5xdx;

81.
∫
sin 3x sin 4x sin 5xdx; 82.

∫
sin 2x sin 4x cos 6xdx;
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83.
∫
tg 3xdx; 84.

∫
ctg

5x

9
dx; 85.

∫
ctg(5x+ 1)dx;

86.
∫
tg (7− 4x)xdx; 87.

∫
tg

(
8x

7
+

2π

3

)
dx; 88.

∫
ctg

(
π

7
− 3x

5

)
dx;

89.
∫
tg3 xdx; 90.

∫
tg4 xdx; 91.

∫
ctg5 xdx;

92.
∫
ctg7 xdx; 93.

∫
tg8 xdx; 94.

∫
ctg9 xdx;

95.
∫
tg9 xdx; 96.

∫
ctg4 xdx; 97.

∫
ctg8 xdx;

98.
∫
ctg10 xdx; 99.

∫
tg5 xdx; 100.

∫
tg6 xdx;

101.
∫ dx

sinx+cos x+1
; 102.

∫ dx

2 sin x+ cos x
; 103.

∫ dx

sinx− 3 cos x
;

104.
∫ dx

cosx− 3
; 105.

∫ dx

sinx+ 4
; 106.

∫ sinxdx

cosx+ 1
;

107.
∫ cosxdx

2 sin x+ 1
; 108.

∫ sinxdx

sinx cosx+ 2
; 109.

∫ sinx+cos x

2 sin x−3 cos x
dx;

110.
∫ dx

sinx+cos x−3
; 111.

∫ 4 cos x− 3

5− sinx
dx; 112.

∫ sinx+ 1

3 cos x− 2
dx;

113.
∫ cosx+cos3 x

cos2 x− sin2 x
dx; 114.

∫ sin3 x+sin5 x

cos2 x+cos4 x
dx; 115.

∫ 2 sin x− sin5 x

cosx+sin2 x
dx;

116.
∫ cos2 x− cos4 x

sinx− sin3 x
dx; 117.

∫ (sin x− 2) cos x

cos2 x+2 sin x
dx; 118.

∫ cosx+3

cos2 x sinx
dx;

119.
∫ dx

sin4 x cos2 x
; 120.

∫ sinx cosx

cos4 x+sin4 x
dx; 121.

∫ dx

2 sin2 x+3 cos2 x
;

122.
∫ sin2 xdx

sin4 x− cos6 x
; 123.

∫ sinx cosxdx

sin2 x−3 cos4 x
; 124.

∫ dx

2 sin6 x− cos2 x
;

125.
∫ dx

cos2 x− 3
; 126.

∫ dx

sin2 x+ 2
; 127.

∫ sinx cosx+1

5 cos2 x− 4
dx;

128.
∫ dx

sin2 x+sin x cosx− cos2 x
; 129.

∫ cos2 xdx

sinx cosx− sin2 x
;

130.
∫ sin2 xdx

cos2 x− sinx cosx
; 131.

∫ dx

sin2 x−4 sin x cosx+5 cos2 x
;

132.
∫ sinx cosx

sin2 x+2 cos2 x
dx; 133.

∫ sinx cos2 x

sinx− cosx
dx; 134.

∫ tg x− 1

2 sin2 x− cos2 x
dx;

135.
∫ sin2 x cos3 x

sinx− 3 cos x
dx; 136.

∫ sin3 x cos2 x

sinx+ 2 cos x
dx; 137.

∫ sinx cosx

tg x+ 2
dx.
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�3. Êîíòðîëüíàÿ ðàáîòà

Íàéòè èíòåãðàëû:

Âàðèàíò 1

1.
∫
sin

5x

4
dx;

2.
∫
cos3 2xdx;

3.
∫
sin4 5xdx;

4.
∫
sin3 3x cos2 3xdx;

5.
∫
sin 20x cos 25xdx;

6.
∫ cos2 x

sin4 x
dx;

7.
∫
tg9 xdx;

8.
∫
sin2 2x cos2 3xdx;

9.
∫ dx

sinx+ cos x
;

10.
∫ cos2 xdx

1 + sin2 x
.

Âàðèàíò 2

1.
∫
cos

3x

4
dx;

2.
∫
sin3 4xdx;

3.
∫
cos4 7xdx;

4.
∫
sin2 4x cos3 4xdx;

5.
∫
cos 31x cos 22xdx;

6.
∫ sin4 x

cos2 x
dx;

7.
∫
ctg8 xdx;

8.
∫
sin2 4x cos2 5xdx;

9.
∫ sinxdx

sinx− cosx
;

10.
∫ dx

sin2 x− 3 cos2 x
.

Âàðèàíò 3

1.
∫
sin

7x

5
dx;

2.
∫
cos3 6xdx;

3.
∫
sin4 8xdx;

4.
∫
sin3 5x cos4 5xdx;

5.
∫
sin 32x sin 17xdx;

6.
∫ cos4 x

sin6 x
dx;

7.
∫
ctg9 xdx;

8.
∫
sin2 7x cos2 9xdx;

9.
∫ cosxdx

2 sin x− cosx
;

10.
∫ dx

4− sin2 x
.

Âàðèàíò 4

1.
∫
cos

5x

11
dx;

2.
∫
sin3 5xdx;

3.
∫
cos4 6xdx;

4.
∫
sin6 9x cos3 9xdx;

5.
∫
sin 13x cos 26xdx;

6.
∫ sin2 x

cos4 x
dx;

7.
∫
tg8 xdx;

8.
∫
sin2 3x cos2 9xdx;

9.
∫ dx

3 sin x+ cos x
;

10.
∫ sin2 xdx

4 + 5 cos2 x
.
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Âàðèàíò 5

1.
∫
sin

15x

7
dx;

2.
∫
cos5 3xdx;

3.
∫
sin6 6xdx;

4.
∫
sin3 8x cos4 8xdx;

5.
∫
sin 18x cos 13xdx;

6.
∫ cos8 x

sin10 x
dx;

7.
∫
tg5 xdx;

8.
∫
sin2 5x cos2 11xdx;

9.
∫ dx

3 sin x− 2 cos x
;

10.
∫ 2− cos2 x

1 + 3 sin2 x
dx.

Âàðèàíò 6

1.
∫
cos

9x

8
dx;

2.
∫
sin5 7xdx;

3.
∫
cos6 2xdx;

4.
∫
sin6 10x cos3 10xdx;

5.
∫
cos 53x cos 12xdx;

6.
∫ sin6 x

cos10 x
dx;

7.
∫
ctg4 xdx;

8.
∫
sin2 6x cos2 8xdx;

9.
∫ 3 sin xdx

4 sin x+ cos x
;

10.
∫ dx

2 sin2 x+ cos2 x
.

Âàðèàíò 7

1.
∫
sin

3x

8
dx;

2.
∫
cos5 4xdx;

3.
∫
sin4 3xdx;

4.
∫
sin3 7x cos6 7xdx;

5.
∫
sin 19x sin 27xdx;

6.
∫ cos4 x

sin10 x
dx;

7.
∫
ctg5 xdx;

8.
∫
sin2 3x cos2 13xdx;

9.
∫ dx

2 sin x+ cosx
;

10.
∫ sinx cosxdx

3− 4 cos2 x
.

Âàðèàíò 8

1.
∫
cos

6x

19
dx;

2.
∫
sin5 8xdx;

3.
∫
cos4 9xdx;

4.
∫
sin8 11x cos3 11xdx;

5.
∫
sin 34x cos 14xdx;

6.
∫ sin6 x

cos8 x
dx;

7.
∫
tg10 xdx;

8.
∫
sin2 4x cos2 8xdx;

9.
∫ cosxdx

4 sin x− 3 cos x
;

10.
∫ dx

2 + cos2 x− 3 sin2 x
.
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Âàðèàíò 9

1.
∫
sin

2x

7
dx;

2.
∫
cos3 4xdx;

3.
∫
sin6 9xdx;

4.
∫
sin3 17x cos10 17xdx;

5.
∫
sin 41x cos 37xdx;

6.
∫ cos6 x

sin4 x
dx;

7.
∫
tg4 xdx;

8.
∫
sin2 7x cos2 11xdx;

9.
∫ dx

5 sin x− cosx
;

10.
∫ sinx cosxdx

1 + 5 sin2 x
.

Âàðèàíò 10

1.
∫
cos

8x

5
dx;

2.
∫
sin3 7xdx;

3.
∫
cos6 8xdx;

4.
∫
sin8 19x cos3 19xdx;

5.
∫
cos 38x cos 26xdx;

6.
∫ sin6 x

cos2 x
dx;

7.
∫
ctg7 xdx;

8.
∫
sin2 5x cos2 13xdx;

9.
∫ sinxdx

3 sin x+ 4 cosx
;

10.
∫ dx

sin2 x+ 3 cos2 x
.
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